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PROBLEM DEFINITION
Distributed Constraint Optimization Problems
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Figure 1: DCOPs

Objective:
Finding an optimal solution that minimizes
constraint costs (e.g. the best schedule for the
devices that minimizes the users’ discomfort)

Limitation of DCOPs:
Unrealistic assumption of apriori knowledge on
all constraint costs

MODEL
To address the limitation of DCOPs:
we introduce Incomplete DCOPs (I-DCOPs)
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Figure 2: Incomplete DCOPs (I-DCOPs)

I-DCOPs: constraints can be partially specified

• Unknown costs are denoted by ‘?’
• Eliciting unknown constraints incurs costs

Objective:
Finding a solution that minimizes both constraint
costs and elicitation costs

WHAT THIS PAPER IS ABOUT IN 30 SECONDS!

Heuristics to elicit preferences from users in distributed multi-agent
problems modeled with constraint optimization.
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BRANCH-AND-BOUND HEURISTICS
We proposed distributed heuristics:

• CAC Heuristic:
Child’s Ancestors’ Constraints:
computes the estimated cost recursively and includes
all ancestors costs

• ADC Heuristic:
Agent’s Descendants’ Constraints:
computes the estimated cost recursively and includes
all descendants costs

To solve an I-DCOP, our approach:

• Employs SyncBB to interleave search with elici-
tation

• Applies heuristics to speed up SyncBB

Advantages SyncBB with heuristics:
as shown in Figure 4

• Smaller # of elicitations
• Smaller # of expanded nodes in the search tree
• Faster runtime
• Better quality solutions
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Figure 3: SyncBB with CAC Heuristic
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Figure 4: Performance of SyncBB w/o Heuristics

SOLVING DCOPS
Distributed Synchronous Branch-and-Bound
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Figure 5: SyncBB Search Algorithm

- Variables/Agents: W, D, and I
- Values: 0 and 1
- Constraints: WD and DI

APPLICATIONS
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Figure 1: Example DCOP

A solution � is a value assignment to a set of variables
X� ✓ X that is consistent with the variables’ domains. The
cost function FP(�) =

P
f2F,xf✓X�

f(�) is the sum of the
costs of all the applicable constraints in �. A solution is said
to be complete if X� = X is the value assignment for all
variables. The goal is to find an optimal complete solution
x⇤ = argminx FP(x).

Following Fioretto et al. [2016b], we introduce the follow-
ing definitions:

Definition 1 For each agent ai2A, Li ={xj 2 X |↵(xj)=
ai} is the set of its local variables. Ii = {xj 2 Li | 9xk 2
X ^ 9fs2F : ↵(xk) 6= ai ^ {xj , xk}✓xfs} is the set of its
interface variables.

Definition 2 For each agent ai2A, its local constraint graph
Gi = (Li, EFi) is a subgraph of the constraint graph, where
Fi ={fj 2F | xfj ✓Li}.

Figure 1(a) shows the constraint graph of a sample DCOP
with 3 agents a1, a2, and a3, where L1 = {x1, x2}, L2 =
{x3, x4}, L3 = {x5, x6}, I1 = {x2}, I2 = {x4}, and
I3 = {x6}. The domains are D1 = · · · = D6 = {0, 1}.
Figure 1(b) shows the constraint cost tables (all constraints
have the same cost table for simplicity).

3 Scheduling of Devices in Smart Buildings
Through the proliferation of smart devices (e.g., smart ther-
mostats, smart lightbulbs, smart washers, etc.) in our homes
and offices, building automation within the larger smart grid
is becoming inevitable. Building automation is the automated
control of the building’s devices with the objective of im-
proved comfort of the occupants, improved energy efficiency,
and reduced operational costs. In this paper, we are interested
in the scheduling devices in smart buildings in a decentral-
ized way, where each user is responsible for the schedule of
the devices in her building, under the assumption that each
user cooperate to ensure that the total energy consumption of
the neighborhood is always within some maximum threshold
that is defined by the energy provider such as a energy utility
company.

We now provide a description of the Smart Building De-
vices Scheduling (SBDS) problem. We describe related so-
lution approaches in Section 6. An SBDS problem is com-
posed of a neighborhood H of smart buildings hi 2 H that
are able to communicate with one another and whose energy
demands are served by an energy provider. We assume that

the provider sets energy prices according to a real-time pric-
ing schema specified at regular intervals t within a finite time
horizon H . We use T = {1, . . . , H} to denote the set of time
intervals and ✓ : T ! R+ to represent the price function
associated with the pricing schema adopted, which expresses
the cost per kWh of energy consumed by a consumer.

Within each smart building hi, there is a set of (smart)
electric devices Zi networked together and controlled by a
home automation system. All the devices are uninterruptible
(i.e., they cannot be stopped once they are started) and we use
szj

and �zj
to denote the start time and duration (expressed

in exact multiples of time intervals), respectively, of device
zj 2 Zi.

The energy consumption of each device zj is ⇢zj kWh for
each hour that it is on. It will not consume any energy if it
is off-the-shelf. We use the indicator function �t

zj
to indicate

the state of the device zj at time step t, and whose value is 1
exclusively when the device zj is on at time step t:

�t
zj

=

⇢
1 if szj

 t ^ szj
+ �zj

� t
0 otherwise

Additionally, the execution of device zj is characterized
by a cost and a discomfort value. The cost represents the
monetary expense for the user to schedule zj at a given time,
and we use Ct

i to denote the aggregated cost of the building
hi at time step t, expressed as:

Ct
i = P t

i · ✓(t), (1)

where
P t

i =
X

zj2Zi

�t
zj

· ⇢zj
(2)

is the aggregate power consumed by building hi at time step
t. The discomfort value µt

zj
2 R describes the degree of

dissatisfaction for the user to schedule the device zj at a given
time step t. Additionally, we use U t

i to denote the aggregated
discomfort associated to the user in building hi at time step t:

U t
i =

X

zj2Zi

�t
zj

· µzj
(t). (3)

The SBDS problem is the problem of scheduling the de-
vices of each building in the neighborhood in a coordinated
fashion so as to minimize the monetary costs and, at the same
time, minimize the discomfort of users. While this is a multi-
objective optimization problem, we combine the two objec-
tives into a single objective through the use of a weighted
sum:

minimize
X

t2T

X

hi2H
↵c · Ct

i + ↵u · U t
i (4)

where ↵c and ↵u are weights in the open interval (0, 1) ✓ R
such that ↵c + ↵u = 1. The SBDS problem is also subject to
the following constraints:

1  szj
 T � �zj

8hi 2 H, zj 2 Zi (5)
X

t2T

�t
zj

= �zj 8hi 2 H, zj 2 Zi (6)

X

hi2H
P t

i  `t 8t 2 T (7)

 a2 x3 x4

 a3 x5 x6

 a1 x1 x2 x1

x2

x3

x4

x5

x6

for i < j

xi xj Costs
0 0 20
0 1 8
1 0 10
1 1 3

(a) Constraint Graph (b) Constraint Cost Table

Figure 1: Example DCOP

A solution � is a value assignment to a set of variables
X� ✓ X that is consistent with the variables’ domains. The
cost function FP(�) =

P
f2F,xf✓X�

f(�) is the sum of the
costs of all the applicable constraints in �. A solution is said
to be complete if X� = X is the value assignment for all
variables. The goal is to find an optimal complete solution
x⇤ = argminx FP(x).

Following Fioretto et al. [2016b], we introduce the follow-
ing definitions:

Definition 1 For each agent ai2A, Li ={xj 2 X |↵(xj)=
ai} is the set of its local variables. Ii = {xj 2 Li | 9xk 2
X ^ 9fs2F : ↵(xk) 6= ai ^ {xj , xk}✓xfs} is the set of its
interface variables.

Definition 2 For each agent ai2A, its local constraint graph
Gi = (Li, EFi) is a subgraph of the constraint graph, where
Fi ={fj 2F | xfj ✓Li}.

Figure 1(a) shows the constraint graph of a sample DCOP
with 3 agents a1, a2, and a3, where L1 = {x1, x2}, L2 =
{x3, x4}, L3 = {x5, x6}, I1 = {x2}, I2 = {x4}, and
I3 = {x6}. The domains are D1 = · · · = D6 = {0, 1}.
Figure 1(b) shows the constraint cost tables (all constraints
have the same cost table for simplicity).

3 Scheduling of Devices in Smart Buildings
Through the proliferation of smart devices (e.g., smart ther-
mostats, smart lightbulbs, smart washers, etc.) in our homes
and offices, building automation within the larger smart grid
is becoming inevitable. Building automation is the automated
control of the building’s devices with the objective of im-
proved comfort of the occupants, improved energy efficiency,
and reduced operational costs. In this paper, we are interested
in the scheduling devices in smart buildings in a decentral-
ized way, where each user is responsible for the schedule of
the devices in her building, under the assumption that each
user cooperate to ensure that the total energy consumption of
the neighborhood is always within some maximum threshold
that is defined by the energy provider such as a energy utility
company.

We now provide a description of the Smart Building De-
vices Scheduling (SBDS) problem. We describe related so-
lution approaches in Section 6. An SBDS problem is com-
posed of a neighborhood H of smart buildings hi 2 H that
are able to communicate with one another and whose energy
demands are served by an energy provider. We assume that

the provider sets energy prices according to a real-time pric-
ing schema specified at regular intervals t within a finite time
horizon H . We use T = {1, . . . , H} to denote the set of time
intervals and ✓ : T ! R+ to represent the price function
associated with the pricing schema adopted, which expresses
the cost per kWh of energy consumed by a consumer.

Within each smart building hi, there is a set of (smart)
electric devices Zi networked together and controlled by a
home automation system. All the devices are uninterruptible
(i.e., they cannot be stopped once they are started) and we use
szj

and �zj
to denote the start time and duration (expressed

in exact multiples of time intervals), respectively, of device
zj 2 Zi.

The energy consumption of each device zj is ⇢zj kWh for
each hour that it is on. It will not consume any energy if it
is off-the-shelf. We use the indicator function �t

zj
to indicate

the state of the device zj at time step t, and whose value is 1
exclusively when the device zj is on at time step t:

�t
zj

=

⇢
1 if szj

 t ^ szj
+ �zj

� t
0 otherwise

Additionally, the execution of device zj is characterized
by a cost and a discomfort value. The cost represents the
monetary expense for the user to schedule zj at a given time,
and we use Ct

i to denote the aggregated cost of the building
hi at time step t, expressed as:

Ct
i = P t

i · ✓(t), (1)

where
P t

i =
X

zj2Zi

�t
zj

· ⇢zj
(2)

is the aggregate power consumed by building hi at time step
t. The discomfort value µt

zj
2 R describes the degree of

dissatisfaction for the user to schedule the device zj at a given
time step t. Additionally, we use U t

i to denote the aggregated
discomfort associated to the user in building hi at time step t:

U t
i =

X

zj2Zi

�t
zj

· µzj
(t). (3)

The SBDS problem is the problem of scheduling the de-
vices of each building in the neighborhood in a coordinated
fashion so as to minimize the monetary costs and, at the same
time, minimize the discomfort of users. While this is a multi-
objective optimization problem, we combine the two objec-
tives into a single objective through the use of a weighted
sum:

minimize
X

t2T

X

hi2H
↵c · Ct

i + ↵u · U t
i (4)

where ↵c and ↵u are weights in the open interval (0, 1) ✓ R
such that ↵c + ↵u = 1. The SBDS problem is also subject to
the following constraints:

1  szj
 T � �zj

8hi 2 H, zj 2 Zi (5)
X

t2T

�t
zj

= �zj 8hi 2 H, zj 2 Zi (6)

X

hi2H
P t

i  `t 8t 2 T (7)T

Ci

Ui

Scheduling Smart Devices within Smart Homes [2] Distributed Meeting Scheduling [1]
Figure 6: Smart Appliance scheduing [1]

0.3  0.2  3.0  3.4  3.5  6.4  5.8  0.0

 a2 x3 x4

 a3 x5 x6

 a1 x1 x2 x1

x2

x3

x4

x5

x6

for i < j

xi xj Costs
0 0 20
0 1 8
1 0 10
1 1 3

(a) Constraint Graph (b) Constraint Cost Table

Figure 1: Example DCOP

A solution � is a value assignment to a set of variables
X� ✓ X that is consistent with the variables’ domains. The
cost function FP(�) =

P
f2F,xf✓X�

f(�) is the sum of the
costs of all the applicable constraints in �. A solution is said
to be complete if X� = X is the value assignment for all
variables. The goal is to find an optimal complete solution
x⇤ = argminx FP(x).

Following Fioretto et al. [2016b], we introduce the follow-
ing definitions:

Definition 1 For each agent ai2A, Li ={xj 2 X |↵(xj)=
ai} is the set of its local variables. Ii = {xj 2 Li | 9xk 2
X ^ 9fs2F : ↵(xk) 6= ai ^ {xj , xk}✓xfs} is the set of its
interface variables.

Definition 2 For each agent ai2A, its local constraint graph
Gi = (Li, EFi) is a subgraph of the constraint graph, where
Fi ={fj 2F | xfj ✓Li}.

Figure 1(a) shows the constraint graph of a sample DCOP
with 3 agents a1, a2, and a3, where L1 = {x1, x2}, L2 =
{x3, x4}, L3 = {x5, x6}, I1 = {x2}, I2 = {x4}, and
I3 = {x6}. The domains are D1 = · · · = D6 = {0, 1}.
Figure 1(b) shows the constraint cost tables (all constraints
have the same cost table for simplicity).

3 Scheduling of Devices in Smart Buildings
Through the proliferation of smart devices (e.g., smart ther-
mostats, smart lightbulbs, smart washers, etc.) in our homes
and offices, building automation within the larger smart grid
is becoming inevitable. Building automation is the automated
control of the building’s devices with the objective of im-
proved comfort of the occupants, improved energy efficiency,
and reduced operational costs. In this paper, we are interested
in the scheduling devices in smart buildings in a decentral-
ized way, where each user is responsible for the schedule of
the devices in her building, under the assumption that each
user cooperate to ensure that the total energy consumption of
the neighborhood is always within some maximum threshold
that is defined by the energy provider such as a energy utility
company.

We now provide a description of the Smart Building De-
vices Scheduling (SBDS) problem. We describe related so-
lution approaches in Section 6. An SBDS problem is com-
posed of a neighborhood H of smart buildings hi 2 H that
are able to communicate with one another and whose energy
demands are served by an energy provider. We assume that

the provider sets energy prices according to a real-time pric-
ing schema specified at regular intervals t within a finite time
horizon H . We use T = {1, . . . , H} to denote the set of time
intervals and ✓ : T ! R+ to represent the price function
associated with the pricing schema adopted, which expresses
the cost per kWh of energy consumed by a consumer.

Within each smart building hi, there is a set of (smart)
electric devices Zi networked together and controlled by a
home automation system. All the devices are uninterruptible
(i.e., they cannot be stopped once they are started) and we use
szj

and �zj
to denote the start time and duration (expressed

in exact multiples of time intervals), respectively, of device
zj 2 Zi.

The energy consumption of each device zj is ⇢zj kWh for
each hour that it is on. It will not consume any energy if it
is off-the-shelf. We use the indicator function �t

zj
to indicate

the state of the device zj at time step t, and whose value is 1
exclusively when the device zj is on at time step t:

�t
zj

=

⇢
1 if szj

 t ^ szj
+ �zj

� t
0 otherwise

Additionally, the execution of device zj is characterized
by a cost and a discomfort value. The cost represents the
monetary expense for the user to schedule zj at a given time,
and we use Ct

i to denote the aggregated cost of the building
hi at time step t, expressed as:

Ct
i = P t

i · ✓(t), (1)

where
P t

i =
X

zj2Zi

�t
zj

· ⇢zj
(2)

is the aggregate power consumed by building hi at time step
t. The discomfort value µt

zj
2 R describes the degree of

dissatisfaction for the user to schedule the device zj at a given
time step t. Additionally, we use U t

i to denote the aggregated
discomfort associated to the user in building hi at time step t:

U t
i =

X

zj2Zi

�t
zj

· µzj
(t). (3)

The SBDS problem is the problem of scheduling the de-
vices of each building in the neighborhood in a coordinated
fashion so as to minimize the monetary costs and, at the same
time, minimize the discomfort of users. While this is a multi-
objective optimization problem, we combine the two objec-
tives into a single objective through the use of a weighted
sum:

minimize
X

t2T

X

hi2H
↵c · Ct

i + ↵u · U t
i (4)

where ↵c and ↵u are weights in the open interval (0, 1) ✓ R
such that ↵c + ↵u = 1. The SBDS problem is also subject to
the following constraints:

1  szj
 T � �zj

8hi 2 H, zj 2 Zi (5)
X

t2T

�t
zj

= �zj 8hi 2 H, zj 2 Zi (6)

X

hi2H
P t

i  `t 8t 2 T (7)

 a2 x3 x4

 a3 x5 x6

 a1 x1 x2 x1

x2

x3

x4

x5

x6

for i < j

xi xj Costs
0 0 20
0 1 8
1 0 10
1 1 3

(a) Constraint Graph (b) Constraint Cost Table

Figure 1: Example DCOP

A solution � is a value assignment to a set of variables
X� ✓ X that is consistent with the variables’ domains. The
cost function FP(�) =

P
f2F,xf✓X�

f(�) is the sum of the
costs of all the applicable constraints in �. A solution is said
to be complete if X� = X is the value assignment for all
variables. The goal is to find an optimal complete solution
x⇤ = argminx FP(x).

Following Fioretto et al. [2016b], we introduce the follow-
ing definitions:

Definition 1 For each agent ai2A, Li ={xj 2 X |↵(xj)=
ai} is the set of its local variables. Ii = {xj 2 Li | 9xk 2
X ^ 9fs2F : ↵(xk) 6= ai ^ {xj , xk}✓xfs} is the set of its
interface variables.

Definition 2 For each agent ai2A, its local constraint graph
Gi = (Li, EFi) is a subgraph of the constraint graph, where
Fi ={fj 2F | xfj ✓Li}.

Figure 1(a) shows the constraint graph of a sample DCOP
with 3 agents a1, a2, and a3, where L1 = {x1, x2}, L2 =
{x3, x4}, L3 = {x5, x6}, I1 = {x2}, I2 = {x4}, and
I3 = {x6}. The domains are D1 = · · · = D6 = {0, 1}.
Figure 1(b) shows the constraint cost tables (all constraints
have the same cost table for simplicity).

3 Scheduling of Devices in Smart Buildings
Through the proliferation of smart devices (e.g., smart ther-
mostats, smart lightbulbs, smart washers, etc.) in our homes
and offices, building automation within the larger smart grid
is becoming inevitable. Building automation is the automated
control of the building’s devices with the objective of im-
proved comfort of the occupants, improved energy efficiency,
and reduced operational costs. In this paper, we are interested
in the scheduling devices in smart buildings in a decentral-
ized way, where each user is responsible for the schedule of
the devices in her building, under the assumption that each
user cooperate to ensure that the total energy consumption of
the neighborhood is always within some maximum threshold
that is defined by the energy provider such as a energy utility
company.

We now provide a description of the Smart Building De-
vices Scheduling (SBDS) problem. We describe related so-
lution approaches in Section 6. An SBDS problem is com-
posed of a neighborhood H of smart buildings hi 2 H that
are able to communicate with one another and whose energy
demands are served by an energy provider. We assume that

the provider sets energy prices according to a real-time pric-
ing schema specified at regular intervals t within a finite time
horizon H . We use T = {1, . . . , H} to denote the set of time
intervals and ✓ : T ! R+ to represent the price function
associated with the pricing schema adopted, which expresses
the cost per kWh of energy consumed by a consumer.

Within each smart building hi, there is a set of (smart)
electric devices Zi networked together and controlled by a
home automation system. All the devices are uninterruptible
(i.e., they cannot be stopped once they are started) and we use
szj

and �zj
to denote the start time and duration (expressed

in exact multiples of time intervals), respectively, of device
zj 2 Zi.

The energy consumption of each device zj is ⇢zj kWh for
each hour that it is on. It will not consume any energy if it
is off-the-shelf. We use the indicator function �t

zj
to indicate

the state of the device zj at time step t, and whose value is 1
exclusively when the device zj is on at time step t:

�t
zj

=

⇢
1 if szj

 t ^ szj
+ �zj

� t
0 otherwise

Additionally, the execution of device zj is characterized
by a cost and a discomfort value. The cost represents the
monetary expense for the user to schedule zj at a given time,
and we use Ct

i to denote the aggregated cost of the building
hi at time step t, expressed as:

Ct
i = P t

i · ✓(t), (1)

where
P t

i =
X

zj2Zi

�t
zj

· ⇢zj
(2)

is the aggregate power consumed by building hi at time step
t. The discomfort value µt

zj
2 R describes the degree of

dissatisfaction for the user to schedule the device zj at a given
time step t. Additionally, we use U t

i to denote the aggregated
discomfort associated to the user in building hi at time step t:

U t
i =

X

zj2Zi

�t
zj

· µzj
(t). (3)

The SBDS problem is the problem of scheduling the de-
vices of each building in the neighborhood in a coordinated
fashion so as to minimize the monetary costs and, at the same
time, minimize the discomfort of users. While this is a multi-
objective optimization problem, we combine the two objec-
tives into a single objective through the use of a weighted
sum:

minimize
X

t2T

X

hi2H
↵c · Ct

i + ↵u · U t
i (4)

where ↵c and ↵u are weights in the open interval (0, 1) ✓ R
such that ↵c + ↵u = 1. The SBDS problem is also subject to
the following constraints:

1  szj
 T � �zj

8hi 2 H, zj 2 Zi (5)
X

t2T

�t
zj

= �zj 8hi 2 H, zj 2 Zi (6)

X

hi2H
P t

i  `t 8t 2 T (7)T

Ci

Ui

Scheduling Smart Devices within Smart Homes [2] Distributed Meeting Scheduling [1]

Figure 7: Distributed Meeting Scheduling [2]


