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ABSTRACT
In this paper, we advance the state-of-the-art in designing
ex-post truthful multi-armed bandit (MAB) mechanisms for
multi-slot sponsored search auctions (SSA) through two dif-
ferent contributions. First, we prove two important im-
possibility results which rule out the possibility of an ex-
post monotone MAB allocation rule having sublinear regret
with time when the click through rates (CTR) of the adver-
tisements (ads) are affected by ad-dependent externality or
position-dependent externality. The above impossibility re-
sults motivate our second contribution: when the CTRs are
affected by only position-dependent externality and follow
click-precedence property, we design a novel ex-post truth-
ful mechanism for multi-slot SSAs with sublinear regret.
The ex-post monotone allocation rule in the proposed mech-
anism non-trivially generalizes the NewCB allocation rule
presented by Babaioff, Sharma, and Slivkins[2]. We derive
regret bounds for this allocation rule. When a strong prop-
erty such as ex-post truthfulness is required, our allocation
rule performs as well as the A-VCG mechanism presented
by Gatti, Lazaric, and Trovò[4] and in the special case of
identical slots, our allocation rule in fact outperforms the

A-VCG mechanism and has a regret of O
(√

T
)
with time.
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1. INTRODUCTION
Sponsored search auction (SSA) provides an environment

where a mechanism design problem is inherently coupled
with a learning problem. As a first step, the auctioneer
tries to elicit the true valuations of the advertisers to design
a truthful search auction. Besides, the auctioneer has to
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determine each ad’s click-through-rate (CTR), which is the
probability that his ad will be clicked by a user. This is be-
cause the payment policy followed in SSA is the pay-per-click
scheme which requires an advertiser to make a payment to
the search engine only if a user clicks his ad. Since CTRs are
not known, the search engine has to combine effective learn-
ing algorithms for the estimation of the CTRs with incen-
tive compatible mechanisms. This introduces the classical
explore-exploit situation. The search engine tries to explore
different ads to get better estimates of the CTRs and may
lose some revenue in this process. However, this additional
information can help the search engine find a better alloca-
tion of the ads in future. Multi-Armed Bandit (MAB) prob-
lems effectively characterize such explore-exploit situations
faced in sequential decision problems. The performance of
any MAB algorithm is measured in terms of regret which is
the expected loss of reward when compared to the optimal
algorithm which pulls the best arms every time.

The single play MAB (SPMAB) problem, where the de-
cision maker pulls one arm every round, is a well studied
problem. The UCB1 (Upper Confidence Bound) algorithm
proposed by Auer, Cesa-Bianchi, and Fischer [1] has distri-
bution independent regret of O

(√
nT log T

)
for this prob-

lem. However, UCB1 algorithm cannot be applied directly
to design a regret minimizing SPMAB mechanism because
the advertisers are strategic and may misreport their val-
uations. In fact, Babaioff, Sharma, and Slivkins [3] have
shown that any ex-post truthful and normalized MABmech-

anism must suffer a regret of at least Ω
(
n1/3T 2/3

)
. This

increased dependence by a factor of T 1/6 on time horizon T
is termed as the price of truthfulness. The multiple play
MAB problems (MPMAB) more realistically capture the
problem of SSA where multiple slots are up for auction.
Gatti, Lazaric, and Trovò [4] have come up with an MPMAB
mechanism for multi-slot SSA. They have extended the no-
tions of click probabilities from single slot to the multiple slot
case and considered two types of externalities. The position-
dependent externality captures the fact that the click prob-
ability of an ad i depends on its position in the allocation.
On the other hand, ad-dependent externality refers to the
fact that this probability also depends on the ads displayed
before ad i in the allocation vector. When k ads can be
displayed every time, the A-VCG mechanism proposed in

[4] has a regret of O
(
n

1
3 k

2
3 T

2
3

)
and O

(
nk

2
3 T

2
3

)
respec-

tively in the presence of position-dependent externality and
ad-dependent externality.
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2. RESULTS
In this paper, we advance the state-of-the-art in design-

ing ex-post truthful multi-armed bandit (MAB) mechanisms
for multi-slot sponsored search auctions. As a first step, we
take up the challenge of designing ex-post monotone alloca-
tion rule for the same. An allocation rule is ex-post mono-
tone if it is monotone for every possible click realization.
On the other hand, stochastic monotonicity requires mono-
tonicity in expectation over the clicks. Our work is princi-
pally motivated by the transformation procedure introduced
by Babaioff, Kleinberg and Slivkins [2] which takes as input
any ex-post (stochastic) monotone allocation rule, computes
payment implicitly and outputs an ex-post (stochastically)
truthful mechanism having same regret as the input allo-
cation rule. Note that ex-post monotonicity is a stricter
notion than stochastic monotonicity. Moreover, it obviates
any modeling of agents’ interactions with nature’s random-
ness like random click events. Our contributions in design-
ing ex-post truthful MAB mechanisms for multi-slot SSA
are twofold :

Impossibility of Sublinear Regret for Ex-Post
Monotone Allocations
First, we prove that it is impossible to design an ex-post
monotone MAB allocation rule having sublinear regret with
time when the CTRs of the ads are affected by ad-dependent
externality. The proof depends on the following observa-
tion from the definition of ex-post monotone allocation rule.
Suppose, A is an ex-post monotone allocation rule in the
presence of ad-dependent externality on the CTRs. Sup-
pose the allocation at time t, At allocates ad i at the k-th
slot. Now if ad i increases his bid, then to maintain ex-post
monotonicity, not only should he get the k th slot at time
t, but also the order of the ads allocated before him must
not change. In other words, At remains unchanged if ad i
increases his bid.

There are two routes to get around this impossibility re-
sult – (1) design allocation rules which are stochastically
monotone or (2) assume externalities which are weaker than
ad-dependent externality. We take the second route and as-
sume that the CTRs are affected by only position-dependent
externality. We show that even if we relax the ad-dependent
externality to position-dependent externality, then also it is
impossible to design an ex-post monotone allocation rule
having sublinear regret with time.

Ex-Post Truthful Mechanism for Multi-Slot SSA
Motivated by the above impossibility results, we consider the
case where the clicks follow a special property called click-
precedence property, which states that if an ad is clicked at
time t when displayed at slot j, then it will also be clicked
at time t if displayed at slots higher than j. Under this rea-
sonable assumption, we design an ex-post monotone MAB
allocation rule, which is a nontrivial generalization of the
NewCB allocation rule presented in [2].

Our allocation rule maintains k lower confidence bounds
{Lj

i}kj=1 and k upper confidence bounds {U j
i }kj=1 for each ad

i. Lj
i and U j

i are respectively the lower and upper confidence
bounds of the click rewards of ad i obtained from slot j.
Additionally, it maintains k different activation sets Sj

act for
j = 1, . . . , k. Sj

act is the set of ads that can be assigned
to slot j. Ideally, we would like the activation sets to be

nested, since any ad which can be assigned slot j, can also
be assigned to slots j + 1, . . . , k. This will not always be
true. Only when sufficient number of samples of the click
realization table have been observed for all the ads, we will
have all the activation sets nested.

In every round our allocation rule decides in two steps
which agents are to be allocated to k slots. At first, it des-
ignates k different agents for k slots in a specific way. In
the second step, it checks whether the designated agents are
present in the corresponding activation sets. If j-th desig-
nated agent is present in Sj

act, then that agent is allocated
slot j. The ads for the remaining empty slots are selected
from the k-th activation set Sk

act.
We prove that our allocation rule is ex-post monotone

when the click realization follows the click-precedence prop-
erty. The proof depends on the following property of our
allocation rule – for each ad i, Lj

i and U j
i are updated in

predetermined rounds. Therefore, once the click realization
is fixed, the sequence of click rewards used to update Lj

i and

U j
i are actually the same. Next, we derive regret bounds for

this allocation rule and under the special case of subset se-
lection (that is slots are identical), we prove that our alloca-
tion rule has logarithmic distribution-dependent regret and
distribution-independent regret of O

(
k
√
nT log T

)
. When

the number of slots k is 1, the regret of our allocation rule
precisely coincides with the regret of the NewCB algorithm.
However, it is possible to design an ex-post monotone al-
location rule with sublinear regret when clicks follow click-
precedence property and the slots are non-identical. In fact,
we prove that the allocation rule of the A-VCG mechanism
presented in [4] is indeed ex-post monotone in this setting.
However, in the special case of subset selection, our algo-
rithm outperforms the A-VCG mechanism.

3. FUTURE WORK
In this paper, we have looked into the design of ex-post

monotone MAB allocation rule for multi-slot SSA. One ma-
jor direction for future work is to design stochastically mono-
tone MAB allocation rule in the presence of ad-dependent
externality. This problem is complicated by the fact that
the problem of finding the best allocation of agents is not
only intractable but APX -hard.
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