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ABSTRACT
This paper uses an integer program (IP) to formulate the city-scale
patrolling (CSP) problem, with the objective of maximizing the po-
lice visibility rate (PVR) and the constraint of incident response time
guarantee. We decompose the original CSP into two subproblems:
minimizing police problem (MinP) and maximizing PVR (MaxP)
problem. A polynomial time approximation algorithm is proposed
for MinP, and a polynomial time optimal algorithm is proposed for
MaxP. We conduct experiments to demonstrate the efficiency of
the proposed algorithm.
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1 INTRODUCTION
Existing empirical studies have shown that the presence of police
can significantly improve people’s feelings of safety (FoS) [5]. Figure
1 shows the association between various types of police presence
and people’s FoS. From Figure 1, we can find that the presence of
police, no matter how many, can improve people’s FoS significantly
[1, 5, 14, 15]. On the other hand, the emergency incidents such as
criminal and traffic accidents are time sensitive, and their response
time (defined as the interval from the time when the incident occurs
to the arrival of a police officer) should be within time guarantees [7,
12]. In Figure 2a, the police always patrol several specific important
checkpoints (labeled by⋆). However, the incidents (labelled by •)
did not spread evenly across regions and could not be fully covered
by these fixed checkpoints. Moreover, the volume flow of people
(VFoP) varies with time, e.g., schools are more crowded in the
morning and afternoon, while shopping malls are more popular
during the evening. Figure 2b shows the different VFoP distributions
at 16:00 and 20:00. While the topic has been heavily studied, we
provide some new insights, such as upon arrival of the incidents,
there should be police nearby that can respond within a threshold
time, andwhen there are no incidents, they should patrol around the
city to improve PVR [1, 14, 15], rather than returning to the static
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Figure 1: Empirical evidence of police presence on the im-
provement of FoS [5].

(a) Static Patrolling Policy (b) Dynamics of VFoP

Figure 2: RealWorld Data: (a)⋆ indicates static checkpoints
and • indicates incident distributions; (b) the top indicates
theVFoP at 16:00 and the bottom indicates theVFoP at 20:00.

stations/hot-spots studied in [7, 16]. This bi-objective optimization
problem makes 1) existing exact algorithms [2, 4, 9, 13] cannot
apply to city-scale instances with fine-grained periods, hundreds
of regions and hundreds of police teams, and 2) existing scalable
algorithms [3, 8, 10, 11, 17] cannot guarantee PVR.

2 MODEL
Daily Patrolling. There are n police teams A = {a1,a2, . . . ,an }.
Each day, there are 3 patrolling shifts, each for 8 hours. Each shift
is discretized into periods, each period includes δ ∈ [0, 8] hour, and
the daily patrolling includes periods {1, . . . ,T = 24

δ }. Each police
only serves one shift.

City Network. LetG = ⟨V ,D⟩ denote the city network whereV
denotesm regions {v1,v2, . . . ,vm }, and D = {di j ∈ Z

≥0}vi ,vj ∈V
denotes the distance between regions vi to vj .

Data-Driven Sampling.Weadopt a data-driven samplingmodel
(introduced by [16]) to generate the set of IRs R = {r1, r2, . . . , rl }
and the daily volume of flow of people (VFoP)Qi = {q1i ,q

2
i , . . . ,q

T
i }

of each region vi . Let P(i,k, t) denote the distribution of the next
arriving IR with type k occurring at region vi during period t and
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Q(i, t) denote the distribution of VFoP of vi at period t . The param-
eters of P(i,k, t) and Q(i, t) are estimated from historical data.

Objectives. There are two objectives: 1) IRs Response Time
Guarantee. Let R = {r1, r2, . . . , rl } denote IRs, each rk ∈ R is a
tuple ⟨vrk , τrk , θrk ⟩, where vrk ∈ V is the region of occurrence, τrk
is the time, θrk is the threshold response time. Let Nrk = {vj |drk j ≤
θrk } denote the available regions where the police can respond to
rk with time guarantee. 2) PVR Maximization. Let qtj denote the
VFoP of the region vj at period t . Let ztj ∈ {0, 1} denote whether
there is police patrolling vj at period t (= 1) or not (= 0). We can
define the PVR of vj at period t as ϕtj = ztj · q

t
j .

Problem Formulation. The decision variables are defined as
follows: xβi ∈{0, 1}: set to 1 if ai serves the β(∈ {0, 1, 2})th shift;
yti j∈{0, 1}: set to 1 if ai patrols the region vj at period t ; ztj∈{0, 1}:
set to 1 if there is police patrolling vj at period t . We use an Integer
Programming (IP) to formulate the CSP problem.

max
∑
vj ∈V

∑
1≤t ≤T ztj · q

t
j (1)

s.t.
∑

β=0,1,2
x
β
i = 1,∀ai , (2)


yti j + x

β
i − 1 < t− 8

δ x
β
i ·β

M + 1,∀ai ,vj , t, β,

yti j + x
β
i − 1 ≤

8
δ (x

β
i ·β+1)−t
M + 1,∀ai ,vj , t, β,∑

vj ∈V yti j ≤ 1,∀ai , t,

(3)

t + dj j′ + 1 − t ′ ≤ M(2 − yti j − yt
′

i j′),∀ai ,vj ,vj′, t < t ′, (4)∑
ai ∈A

∑
vj ∈Nrk

y
τrk
i j ≥ 1,∀rk , (5)

ztj ≤
∑
ai ∈A

yti j ,∀vj , t . (6)

Constraint (2) ensures that each police officer only serves one shift.
M ∈ R>0 is large enough to guarantee the constraint (3). Constraint
(4) ensures patrolling consecutiveness. Constraint (5) ensures that
each request must be covered.
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Figure 3: (a) Runtime; (b) Solution Quality. Each record is
statistically significant at 95% confidence level.

3 AN EFFICIENT ALGORITHM
In this section, we present an approximation algorithm to solve
such an NP-hard CSP problem. The key idea behind the proposed
algorithm is that we decompose the original CSP problem into

two weakly-coupled subproblems: 1) minimum police sub-problem
(MinP): how to determine the minimum number of police needed
to cover all the IRs; and 2) maximum PVR problem (MaxP): how to
schedule the remaining police resources to maximize PVR.

Minimum Police Subproblem. Assume that a police ai is dis-
patched to the βth shift, let R̃β denote the remaining IRs after the
former police have finished patrolling. To optimize ai ’s patrolling
plan to cover as many IRs in R̃β as possible, we design a dynamic
programming (DP)-based patrolling plan for ai . Let Ω

β
i (t,vj , R̃

β )

denote the maximum number of IRs covered by ai if ai patrols the
region vj at period t . R̃βi (t,vj ) = {ro ∈ R̃β |vro ∈ Nvj , τro = t}
denote the IRs near the region vj that ai can serve at the period t .

Maximum PVR Subproblem. We provide the interpretation
of MaxP problem in terms of a flow network, which can be denoted
by a weighted directed graph Gf = (Vf , Ef ). Each period-region
pair (t,vi ) is denoted by a vertex in vt i ∈ Vf , such that a feasible
movement from one vertex vt i to another vertex vt ′j (i.e., t ′−t−1 ≥

di j ) is indicated by a direct edge in E from vt i to vt ′j . Given two
connected vertexes vt i and vt ′j , we model the ‘cost’ between them
by the negation of the VFoP of the latter vertex vt ′j . A minimum
cost flow is a maximum flow, such that the sum of its edges’ weights
is the minimum, thereby maximizing its opposite, i.e., the PVR.

Assignment of Police to Shifts.We need to optimally split the
police resources AMaxP among the three shifts, so that the total
PVR is maximized. We propose an iterative polynomial algorithm
to compute the optimal assignment of police to shifts. The main
idea behind the optimal police assignment to shifts is that the police
resources first are randomly allocated among shifts, and the process
continues until there is no beneficial reassignment by moving one
police resource from one shift to another shift.

4 EXPERIMENTAL EVALUATION
1) Scalability Analysis. We compare the proposed Dp-Nf with
three benchmarks: Cpl, which solves the CSP by the optimal solver
CPLEX (version 12.6); Cpl-Cpl, which decomposes the CSP into
MinP and MaxP, and solves both of them by the optimal solver
CPLEX [7]; Dp-Cpl, which decomposes the CSP into MinP and
MaxP, and solves the former by the dynamic programming and
the latter by the optimal solver CPLEX. Figure 3(a) compares the
scalability of algorithms with varying numbers of police. The Cpl
cannot scale-up to 8 police, and Cpl-Cpl andDp-Cpl can not scale-up
to 18 police with runtime cap of 500 seconds, while Dp-Nf can return
the solution within in one second. 2) Solution Quality Analysis.
We compare the PVR Dp-Nf with: i) Greedy Local Search (GLS),
which solves the MinP by requiring each police to patrol the regions
greedily and solves the MaxP by requiring each police to search
the local accessible regions with the maximum VFoP [10, 16], and
ii) Abstraction and Division (AD), which divides the city into sub-
regions [6, 18]. The police is allocated proportionally to each region
according to the number of IRs.
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