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ABSTRACT

In this paper, we consider a matroid generalization of the hospi-
tals/residents problem with ties. Especially, we focus on the situa-
tion in which we are given a master list and the preference list of
each hospital over residents is derived from this master list. In this
setting, Kamiyama proved that if hospitals have matroid constraints
and each resident is assigned to at most one hospital, then we can
solve the super-stable matching problem and the strongly stable
matching problem in polynomial time. In this paper, we generalize
these results to the many-to-many setting. More specifically, we
consider the setting where each resident can be assigned to multiple
hospitals, and the set of hospitals that this resident is assigned to
must form an independent set of a matroid. In this paper, we prove
that the super-stable matching problem and the strongly stable
matching problem in this setting can be solved in polynomial time.
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1 INTRODUCTION

The two-sided matching market model proposed by Gale and Shap-
ley [7] is one of the most fundamental mathematical models for
real-world assignment problems. In this model, each agent has a
preference list over potential partners. Gale and Shapley [7] proved
that if there does not exist a tie in the preference lists (i.e., the pref-
erence lists are strict), then there always exists a stable matching
and we can find a stable matching in polynomial time.

However, if there exist ties in the preference lists, then the situa-
tion dramatically changes (see, e.g., [12] and [21, Chapter 3] for a
survey of stable matchings with ties). For the stable matching prob-
lem with ties, three stability concepts were proposed by Irving [8].
The first concept is called weak stability. This stability concept
guarantees that there does not exist an unmatched pair {a, b} such
that a (resp., b) prefers b (resp., a) to the current partner. Irving [8]
proved that there always exists a weakly stable matching and we
can find a weakly stable matching in polynomial time by slightly
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modifying the algorithm of Gale and Shapley [7]. The second con-
cept is called strong stability. This stability concept guarantees that
there does not exist an unmatched pair {a, b} such that (i) a prefers
b to the current partner, and (ii) b prefers a to the current partner,
or is indifferent between a and the current partner. The last concept
is called super-stability. This stability concept guarantees that there
does not exist an unmatched pair {a, b} such that a (resp., b) prefers
b (resp., a) to the current partner, or is indifferent between b (resp.,
a) and the current partner.

One of the most notable differences between the last two con-
cepts and the stability concept in the stable matching problem with
strict preferences is that there does not necessarily exist a stable
matching [8]. From the algorithmic viewpoint, it is important to con-
sider the problem of checking the existence of matchings satisfying
these stability conditions. In the one-to-one setting, Irving [8] pro-
posed polynomial-time algorithms for finding a super-stable match-
ing and a strongly stable matching (see also [20]). In the many-to-
one setting, Irving, Manlove, and Scott [9] proposed a polynomial-
time algorithm for finding a super-stable matching, and Irving,
Manlove, and Scott [10] proposed a polynomial-time algorithm for
finding a strongly stable matching. Kavitha, Mehlhorn, Michail, and
Paluch [17] proposed faster algorithms for strong stability. In the
many-to-many setting, Scott [26] considered super-stability, and
Malhotra [19] and Chen and Ghosh [2] considered strong stability.
Olaosebikanand and Manlove [23] considered super-stability in the
student-project allocation problem with ties.

In this paper, we focus on the situation in which we are given
a master list and the preference list of each hospital over resi-
dents is derived from this master list. Master lists are motivated by
real-world applications (see [11]). In the one-to-one setting, Irving,
Manlove, and Scott [11] gave simple polynomial-time algorithms
for finding a super-stable matching and a strongly stable match-
ing. O’Malley [24] gave polynomial-time algorithms for finding a
super-stable matching and a strongly stable matching in the many-
to-one setting. Furthermore, Kamiyama [14] gave polynomial-time
algorithms for finding a super-stable matching and a strongly sta-
ble matching in the many-to-one setting with matroid constraints.
Matroids can represent not only capacity constraints but also more
complex constraints including hierarchical capacity constraints.
Thus, matroid generalizations are important from not only the
theoretical viewpoint but also the practical viewpoint. Matroid gen-
eralizations of several matching problems have been extensively
studied (see, e.g., [4-6, 13-16, 18, 22, 27]).

In this paper, we consider the problem of finding a many-to-
many super-stable matching and a many-to-many strongly stable
matching with master preference lists and matroid constraints. Our
results generalize the results of Kamiyama [14]. More specifically, in
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the setting of [14], each resident is assigned to at most one hospital.
On the other hand, in our setting, each resident can be assigned
to multiple hospitals, and the set of hospitals that this resident is
assigned to must form an independent set of a matroid. Notice that
the extension from the many-to-one case to the many-to-many case
is generally a non-trivial task (see, e.g., [1, 2]).

2 PRELIMINARIES

For each set X and each element x, we define X + x := X U {x}
and X — x := X \ {x}, respectively. For each positive integer n, we
define [n] := {1, 2, ..., n}. Define [0] := 0.

A pair M = (U, ) of a finite set U and a non-empty family I of
subsets of U is called a matroid if for every pair of subsets I, J of U,
the following conditions are satisfied.

(M) fIefandJCI thenje .
(I12) If I, ] € I and |I| < |]|, then there exists an element u in
J\IsuchthatI+uer.

A subset of U belonging to I is called an independent set of M.

In this paper, we are given a finite simple (not necessarily com-
plete) bipartite graph G = (V, E) such that its vertex set V is parti-
tioned into disjoint subsets R and H, and each edge in E connects
a vertex in R and a vertex in H. We call a vertex in R (resp., H) a
resident (resp., hospital). For each resident r in R and each hospital &
in H, if there exists an edge in E connecting r and h, then we denote
by (r, h) this edge. For each vertex v in V and each subset F of E, we
denote by F(v) the set of edges in F that are incident to v. For each
resident r in R, we are given a matroid P, = (E(r), ) such that for
every edge e in E(r), {e} € ;. Furthermore, we are given a matroid
Q = (E, G) such that for every edge e in E, {e} € G. We assume
that we can decide whether each subset of E is an independent set
of the above matroids in time bounded by a polynomial in the input
size of G. (That is, we consider the oracle model.)

For each resident r in R, we are given a complete and transitive
binary relation %, on E(r). Furthermore, we are given a complete
and transitive binary relation >z on R. For each resident r in R and
each pair of edges e, f in E(r) such that e >, f and f %, e (resp.,
exr fand f %, e), we write e >, f (resp., e ~» f). For each pair
of residents r, s in R such that r >y sand s %p r (resp., r zg s and
s zg r), we write r >p s (resp., r ~g s).

A subset M of E is called a matching in G if the following condi-
tions are satisfied.

(M1) M(r) € ¥ for every resident r in R.
M2) M e G.
For each matching M in G and each edge e = (r, h) in E \ M, we say
that r weakly prefers (resp., strongly prefers) e on M if at least one
of the following conditions is satisfied.
R1) M(r) +e € Fr.
(R2) There exists an edge f in M(r) such that M(r) +e - f € 7
and e >, f (resp., e >, f).
For each matching M in G and each edge e = (r, h) in E \ M, we say
that H weakly prefers (resp., strongly prefers) e on M if at least one
of the following conditions is satisfied.
H1) M+ee€gG.
(H2) There exists an edge (s,p) in M such that M + e — (s,p) € G
andr xp s (resp., r > s).
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A matching M in G is said to be super-stable if there does not exist
an edge (r, h) in E\ M such that r and H weakly prefer (r, h) on M. A
matching M in G is said to be strongly stable if there does not exist an
edge (r, h) in E\ M such that r and H weakly prefer (r, h) on M, and
at least one of r and H strongly prefers (r, h) on M. The goal of the
super-stable (resp., strongly stable) matching problem is to decide
whether there exists a super-stable (resp., strongly stable) matching
in G, and find a super-stable (resp., strongly stable) matching if a
super-stable (resp., strongly stable) matching exists.

2.1 Notation

We denote by Ry, Ry, ..
lowing conditions.

., Ry the partition of R satisfying the fol-

e For every integer i in [n] and every pair of residents r, s in
Ri,r ~g s.
e For every pair of integers iy, iz in [n] such that i; < iz and
every pair of residents r in R;, and sin R;,, r >p s.
Then for each integer i in [n], we define R[i] := ch:l Ry.
For each resident r in R, we denote by EL, E2, ..., E" the parti-
tion of E(r) satisfying the following conditions.
e For every integer i in [m, ] and every pair of edges e, f in EL,
e~y f.
e For every pair of integers iy, i in [m,] such that i; < iz and
every pair of edges e in E}! and f in EZ, e >, f.
Then for each resident r in R and each integer i in [m, ], we define
Erli] := U} Er. For each resident r in R, we define E,[0] := 0.

2.2 Example

Here we give an example of our model. Assume that we are given
a positive integer u, for each resident r in R, and we are given a
positive integer uy, for each hospital h in H. Then for each resident
r in R, we define ¥, as the family of subsets F of E(r) such that
|F| < uy. Furthermore, we define G as the family of subsets F of E
such that |F(h)| < qy, for every hospital h in H. Then a subset M of
E is a matching in G if the following conditions are satisfied.

o |M(r)| < u, for every resident r in R.

e |M(h)| < uy, for every hospital h in H.

Assume that we are given a matching M in G and an edge e = (r, h)
in E \ M. Then r weakly (resp., strongly) prefers e on M if at least
one of the following conditions is satisfied.

o [M(r)| < uy.

e ¢, f (resp., e >, f) for some edge f in M(r).
Furthermore, H weakly (resp., strongly) prefers e on M if at least
one of the following conditions is satisfied.

o |M(h)| < up,.

o rzp s (resp., r >g s) for some edge (s, h) in M(h).

Thus, our problem in this setting can be regarded as a many-to-

many generalization of the hospitals/residents problem with ties
and master lists.

3 MATROIDS

Assume that we are given a matroid M = (U, I'). A subset C of
U is called a circuit of M if C is not an independent set of M, but
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every proper subset of C is an independent set of M. The following
property of circuits is known.

LEMMA 3.1 (SEE, E.G., [25, LEMMA 1.1.3]). Assume that we are
given a matroid M = (U, I'). Then for every pair of distinct circuits
C1,C2 of M such that C1 N Ca # 0 and every element u in C1 N Cy,
there exists a circuit C of M such that C € (C1 U Cy) \ {u}.

Assume that we are given a matroid M = (U, J) and an inde-
pendent set I of M. It is not difficult to see that for every element
uinU \ I such that I + u ¢ 7, I + u contains a circuit of M as a
subset, and (I1) implies that u belongs to this circuit. Furthermore,
Lemma 3.1 implies that such a circuit is uniquely determined. We
call this circuit the fundamental circuit of u with respect to I and
M, and we denote by Cy(u, I) this circuit. It is well known (see,
e.g., [25, p.20, Exercise 5]) that for every element u in U \ I such
that I +u ¢ I, Cpm(u, I) is the set of elements w in I + u such that
I+u—weJ.ForeachelementuinU \Isuchthatl+u ¢ I, we
define Dpy(u, I) := Cpm(u, I) — u.

For each matching M in G and each edge e = (r, h) in E \ M such
that M(r) + e ¢ ¥, (R2) can be restated as follows.

(R2) ez, f (resp., e >, f) for some edge f in Dp_(e, M(r)).
For each matching M in G and each edge e = (r, h) in E \ M such
that M + e ¢ G, (H2) can be restated as follows.

(H2) r zpg s (resp., r >y s) for some edge (s, p) in Dg(e, M).

We can easily prove the following lemma by Lemma 3.1.

LEMMA 3.2. Assume that we are given a matroid M = (U, T),
independent sets I, | of M such that I C ], and an elementu inU \ J
suchthatl+u ¢ I.ThenJ+u ¢ I and Cpm(u,I) = Cp(w, J).

LEMMA 3.3 (SEE, E.G., [14, LEMMA 2]). Assume that we are given

a matroid M = (U, I), circuits C,C1,Ca, . . .,Cx of M, and distinct
elements uq,uy, . .., uy in U satisfying the following conditions.

e u; € CNC; forevery integeri in [x].

o u; ¢ C;, for any pair of distinct integers i1, iz in [x].

e C\(CLUCRU---UCy)#0.
Then there exists a circuit C’ of M such that C’ is a subset of (C U
C1UCU---UCyx)\ {ug,up, ..., ux}.

Assume that we are given a matroid M = (U, 7). Then a maximal
independent set of M is called a base of M. The condition (I2) implies
that all bases of M have the same size. For each subset X of U, we
define 7 |X as the family of subsets I of X such that € I, and we
define M|X := (X, I|X). It is known [25, p.20] that for every subset
X of U, M|X is a matroid. For each subset X of U, we define rp(X)
as the size of a base of M|X. Define r(M) := rp(U). Furthermore,
for each pair of disjoint subsets X, J of U, we define p(J; X) as
rm(J U X) — rp(X). For each subset X of U, we define 7 /X as the
family of subsets I of U \ X such that p(I; X) = |I|, and we define
M/X := (U\ X, I /X). 1t is known [25, Proposition 3.1.6] that for
every subset X of U, M/X is a matroid.

LEMMA 3.4 (SEE, E.G., [25, PROPOSITION 3.1.25]). Assume that we
are given a matroid M = (U, I'). Then for every pair of disjoint subsets
X, Y of U, (M/X)|Y = (M|(X U Y))/X.

LEMMA 3.5 (SEE, E.G., [15, LEMMA 1]). Assume that we are given
a matroid M = (U, I), a subset X of U, and a base B of M|X. Then
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for every subset I of U \ X, I is an independent set (resp., a base) of
M/X if and only if T U B is an independent set (resp., a base) of M.

Assume that we are given k matroids My = (U1, 17), ..., My =
(Ug, I1.) such that Uy, Uy, . . ., Uy are pairwise disjoint. Define

k
EBi:lIi =

k k
EBi:lMi = (Ui'C:lUi’ EBi=1Ii)~

It is not difficult to see that @le M,; is a matroid.

Assume that we are given two matroids My = (U, 71) and My =
(U, I2). A subset I of U is called a common independent set of My
and My if I € I; N 1. It is well known (see, e.g., [3]) that we can
find a maximum-size common independent set of M and M3 in
time bounded by a polynomial in |S| and EO, where EO is the time
required to decide whether X is an independent set of M; for every
subset X of U and every integer i in {1, 2}.

{X < Uliclei

X NUj € 1; for every integer i in [k]}.

4 SUPER-STABLE MATCHINGS

In this section, we propose an algorithm for the super-stable match-
ing problem (see Algorithm 1). This algorithm is based on the
algorithm of [14] for the super-stable matching problem in the
many-to-one setting with matroid constraints. For proving that
Algorithm 1 is a polynomial-time algorithm, it is sufficient to prove
that we can decide whether each subset of E is an independent set
of the matroids in Algorithm 1 in time bounded by a polynomial
in the input size of G. We can easily prove this by Lemma 3.5 as
follows. At Line 7 of Algorithm 1, to check whether {e} is an inde-
pendent set of Z, /D, [i — 1] for each edge e in EL N A;_1, it suffices
to find a base B of Z,|D,[i — 1] and check whether {e} U B is an
independent set of Z,. If the time complexity of the independence
oracle for the given matroids is EO, then it is not difficult to see
that we can implement Algorithm 1 in O(n|E|EO) time, where we
assume that EO = Q(|E|) and max{|R|, |H|} < |E|.

What remains is to prove the correctness of Algorithm 1. In the
rest of this section, we assume that Algorithm 1 halts when t = k.

LEmMA 4.1. If Algorithm 1 outputs My, then M, is a super-stable
matching in G.

Proor. Define M := M. For every resident r in R, since M(r) =
T,, Lines 12 and 13 of Algorithm 1 imply that M(r) € . Further-
more, Lines 16 to 19 imply that M € G. Thus, M is a matching in G.
What remains is to prove that M is super-stable. Let e = (r, h) be
an edge in E \ M. Notice that e ¢ T,. Assume that r € R;.

We first assume that e ¢ A,_1. Then there exists an integer ¢ in
[z — 1] such that e € Ly. Thus, My + e ¢ G and s >p r for every
edge (s, p) in Dg(e, M¢). Furthermore, since My C M, Lemma 3.2
implies that M + e ¢ G and CQ(e, M) = CQ(e, Mp). Thus, for every
edge f = (s, p) in Dg(e, M), s > r. This completes the proof.

We next consider the case where e € A;_; \ Tr. Here we prove
that M N E,[i] is a base of Z,|D,[i] for every integer i in [m,]. Let
i be an integer in [m,]. Since M(r) = T, M N E,[i] = D,[i]. Since
M(r) € Fr, this and (I1) imply that D,[i] € F;. Thus, D,[i] is an
independent set of Z,|D,[i]. Furthermore, for every independent
set I of Z,|D,[i], I € D,[i]. Thus, D,[i] is a base of Z,|D,[i].

Assume that e € Ey. Since e ¢ Ty, e ¢ Dy. This implies that {e}
is not an independent set of Z, /D, [x — 1]. Since M N E;[x — 1] isa
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Algorithm 1:
1 Define My := @ and Ag := E.

2 Sett:=1.
3 while ¢t < ndo
4 for each resident r in R; do
5 Define Z, := P|A;—1(r) and D,[0] := 0.
6 for each integeri in [m,] do
7 Define D£ as the set of edges e in E} N As—1 such
that {e} is an independent set of Z, /D, [i — 1].
8 Define D,[i] := D,[i — 1] U DL.
9 end
10 Define T, := Dy[m;].
11 end
12 if there exists a resident r in Ry such that T, ¢ ¥,. then
13 ‘ Output null, and halt.
14 end

15 Define F; := U,er, Tr-

16 if M;_1 UF; ¢ G then

17 ‘ Output null, and halt.

18 end

19 Define M; := M;—1 U F;.

Define L; as the set of edges (r, h) in A;—1 such that
réR[t]and M; + (r,h) ¢ G.

Define Ay := Ay—1 \ L¢.

Sett:=t+1.

23 end

24 Output Mj,, and halt.

20

21

22

base of Z,|D,[x — 1], Lemma 3.5 implies that
(MNE/[x—1])+e ¢ F.
Thus, M(r) + e ¢ F. Furthermore, Lemma 3.2 implies that
Cp,(e. M(r)) = Cp,(e, M N E;[x — 1]).
Thus, for every edge f in Dp, (e, M(r)), f > e. This completes the
proof. O

Recall that we assume that Algorithm 1 halts when t = k.

LEMMA 4.2. Assume that k € [n] and there exists a super-stable
matching in G. Then for every super-stable matching N in G and
every resident r in R[k], N(r) C T;.

PrROOF. An edge (r, h) in E is called a bad edge if the following
conditions (i) to (iii) are satisfied. (i) r € R[k]. (ii) (r, h) ¢ T,. (iii)

There exists a super-stable matching N in G such that (r, h) € N.

For proving this lemma, it is sufficient to prove that there does
not exist a bad edge. We prove this by contradiction. Assume that
there exists a bad edge in E. For every bad edge (r, h) in E such that
r € Ry, one of the following statements holds.

o (r,h) ¢ Ap_1,ie., (r,h) € L, for some integer z in [£ — 1].

o (r,h)ye Ap_ 1\ T;.
We denote by A the set of integers ¢ in [k — 1] such that there
exists a bad edge in Ly. We denote by Ay the set of integers ¢ in [k]
such that for some resident r in Ry, there exists a bad edge (r, h) in
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Ag—1\ Tr. Notice that A; U Ay # 0. For each integer i in {1, 2}, we
denote by z; the minimum integer in A; (if A; = 0, then we define
zj = o).

We first assume that z; < z. Define z := z1. Lete = (r, h) be a
bad edge in L,. Furthermore, let N be a super-stable matching in
G such that e € N. Since z < k — 1, Lines 16 to 19 of Algorithm 1
imply that M; € G. Furthermore, since e € L;, M; +e ¢ G.
Thus, Cg(e, M) is well-defined. Define C := Cg(e, M;). Then since
C C N contradicts N € G,C\ N # 0. Since e € L, r ¢ R|z]. Thus,
for every edge (s, p) in C\N, s >g r follows from s € R|z]. For each
edge f in C\ N such that N + f ¢ G, we define Cf := Co(f, N).

CrLamM 1. Foranyedge f inC\ N, N + f ¢ G. Furthermore, for
every pair of edges f = (s,p) inC\ N and (3,p) inCr — f,§ >p s.

Proor. To prove this claim, we prove that for every edge f =
(s,p)in C\ N, N(s) € M. Assume that there exists an edge f =
(s,p) in C \ N such that N(s) € M. Let g be an edge in N(s) \ M.
Since s € R[z], s € Ry for some integer ¢ in [z]. Assume that
g € Ap_1 \ Ts. Since N is super-stable and g € N, zo < . However,
this contradicts z; < z3. Thus, g € Ag—q \ Ts. If g € Ts, then since
{ <z<k-1,g¢€Ts CM,. This contradicts g € N(s) \ M. Thus,
g & Ap_1. This implies that there exists an integer j in [£ — 1] such
that g € L;. Since N is super-stable and g € N, g is a bad edge.
Thus, j € A1. Since j < € < zj, this contradicts the fact that z; is
the minimum integer in A;. This completes the proof.

We are now ready to prove this claim. Assume that there exists
anedge f = (s, p) in C\ N satisfying one of the following conditions.
(i) N+f € G.(ii) N+ f ¢ G and there exists an edge (8, ) in Cr—f
such that s g $. Since N is super-stable, N(s) + f ¢ Fs. Define
C’ := Cp,(f,N(s)). Since C’ — f € N(s) and N(s) C M, C’ € M.
However, this contradicts M;(s) = Ts € F. This completes the
proof. O

For any edge f = (s,p) in C \ N, since e € N, e # f. Thus, for
every edge f = (s,p) in C \ N, since s > r, e ¢ Cy follows from
Claim 1. For every edge f in C\ N, f € C N Cy. Thus, Lemma 3.3
implies that there exists a circuit C’ of Q such that

C'c(CUC")\(C\N),

where C* is Ugec\n Cr. Thus, since Cp — f C N for every edge f
in C\ N, C’ C N. However, this contradicts N € G. This completes
the proof.

We next assume that z5 < z1. Define z := z5. Let r be a resident
in R, such that there exists an edge e = (r,h) in A,—1 \ T,. Let N
be a super-stable matching in G such that e € N.

We first prove that N(r) C A;—1. Assume that N(r) € A,_1. Let
f be an edge in N(r)\ Az—1. Then there exists an integer £ in [z — 1]
such that f € Ly. Since N is super-stable and f € N, £ € A;. This
implies that z; < ¢ < z. However, this contradicts z2 < z;. This
completes the proof.

Assume that e € E}. Without loss of generality, we assume that

1)

for every integer i in [x — 1]. Since N(r) € A,_1, (1) implies N N
E,[i] € D,[i] for every integer i in [x — 1].

(Az1\T)NELNN =0

Cramm 2. NNE,[x — 1] is a base of Z,|Dy[x — 1].



Session 2E: Game Theory 1

ProoF. Define B := N N E;[x — 1]. Since N(r) € ¥, (I1) implies
that B is an independent set of Z,|D;[x — 1]. Assume that B is not
abase of Z,|Dy[x — 1]. Then (I12) implies that there exists an edge f

in Dy[x — 1]\ N such that B+ f € #;. Assume that N(r) + f ¢ F7.

Since B + f € ¥+, Dp,(f, N(r)) is not a subset of B. For every edge

ginDp, (f,N(r))\B,since f € E[x—1]and g ¢ E-[x—1], f >, g.

Since N is super-stable, N + f ¢ G and s >p r for every edge (s, p)
in Do (f, N).

Since {f} € G, Dg(f, N) # 0. Thus, z > 2. Since f € A,—1 and
Az—1=Az2\Lz—1,M;—1 + f € G. In what follows, we prove that
Do(f,N) S M,—1. This contradicts M1 + f € G. Let g = (s, p) be

an edge in Dg(f, N). Then it is sufficient to prove that g € M,_1.

Since s >g r, s € Ry for some integer ¢ in [z — 1]. If we can prove
that N(s) C Ts, then g € N(s) € Ts = Mz—1(s). This completes the
proof.

Assume that N(s) € Ts. Let § be an edge in N(s) \ Ts. Assume
that § ¢ Ap_;. Then there exists an integer j in [£ — 1] such that
g € Lj. Since N is super-stable and § € N, j € A;. However, since
z1 < j < € < z, this contradicts zz < z1. Thus, § € Ap_;. Recall
that g ¢ Ts. This implies that § € Ap_; \ Ts. Since N is super-stable
and g € N, € € A;. Since ¢ < zy, this contradicts the fact that z3 is
the minimum integer in Ay. This completes the proof. O

Define
B:=(NNE;x—-1])+e.

Since N(r) € 7, (I1) implies that B € F;. Recall that N(r) C A,_;.

Thus, B is an independent set of Z,. Lemma 3.5 and Claim 2 imply

that {e} is an independent set of Z, /D,[x — 1]. That is, e € Dy.

This contradicts e ¢ T,. This completes the proof. O

LEMMA 4.3. Assume that k € [n] and there exists a super-stable
matching in G. Then for every super-stable matching N in G and
every resident r in Rk — 1], N(r) = T,.

PRrRoOF. Lemma 4.2 implies that for every super-stable matching
N in G and every resident r in R[k—1], N(r) € T,. Assume that there
exist a super-stable matching N in G and a resident r in R[k—1] such
that N(r) ¢ T;. Since T,, N(r) € ¥ and |N(r)| < |T,|, (I2) implies

that there exists an edge e in T, \ N(r) such that N(r) + e € F;.

Thus, since N is super-stable, N + e ¢ G and s >p r for every
edge (s,p) in DQ(e, N). Assume that r € R,. Then since e € A,_1,
M, 1+e€gG.

Let f = (s, p) be an edge in Dg(e, N). Then since s >p r, there
exists an integer ¢ in [z — 1] such that s € Ry. Thus, Lemma 4.2

implies that N(s) C Ts. This implies that f € N(s) € Ts = Mz_1(s).
Thus, Dg(e, N) € M,—1. However, this contradicts M,—1 + e € G.

This completes the proof. ]

LEMMA 4.4. Assume that k € [n] and there exists a super-stable
matching in G. Then for every super-stable matching N in G and
every resident r in Ry such that T, € ¥, N(r) = Ty.

PRrROOF. Let r be a resident in Ry such that T, € F;. Notice that
Lemma 4.2 implies that N(r) C T, for every super-stable matching
N in G. Assume that there exist a super-stable matching N in G such
that N(r) ¢ T;. Since T, N(r) € ¥ and |N(r)| < |Ty|, (I2) implies

that there exists an edge e in T, \ N(r) such that N(r) + e € F;.

Thus, since N is super-stable, N + e ¢ G and s > r for every edge
(s,p)in Dg(e, N). Since e € Ag_1, My_1 +e € G.
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Let f = (s,p) be an edge in DQ(e, N). Then since s > r, there
exists an integer £ in [k — 1] such that s € Ry. Thus, Lemma 4.2
implies that N(s) C Ts. This implies that f € N(s) C Ts = My_1(s).
Thus, DQ(e, N) € Mj._;. However, this contradicts M_; + e € G.
This completes the proof. O

LEmMMA 4.5. If Algorithm 1 outputs null, then there does not exist
a super-stable matching in G.

ProoF. Notice that in this case, k € [n]. We prove this lemma
by contradiction. Assume that there exists a super-stable matching
NinG.

We first assume that Algorithm 1 outputs null at Line 13. Since
Algorithm 1 outputs null when t = k, there exists a resident r in
Ry such that Ty ¢ F;. Recall that Lemma 4.2 implies that N(r) C T;.
Thus, since Ty ¢ ¥ and N(r) € F, N(r) € T.

Since N(r) C Ty, N N EL C D! for every integer i in [m,]. Let x
be the minimum integer in [m, ] such that N N E¥ € DY¥. Let e be
an edge in D¥ \ N. Notice that N N E. = D! for every integer i in
[x — 1]. Since N(r) € ¥, (I11) implies that

NNE;[x-1]=D;[x-1]

is an independent set of Z,|D,[x — 1]. Thus, since I € D,[x — 1]
for every independent set I of Z,|D,[x — 1], NN E,[x — 1] is a base
of Z,|Dy[x — 1]. This and e € DY imply that

(NNEqx—1])+e € Fr.

This implies that if N(r) + e ¢ 7, then Dp, (e, N(r)) is not a subset
of E,[x — 1]. Furthermore, since e € E¥, e x, f for every edge f
in Dp, (e, N(r)) \ Er[x — 1]. Since N is super-stable, N + e ¢ G and
s >y r for every edge (s, p) in Dg(e, N).

Since e € Ty, e € Ap_y. Thus, Mp_; + e € G. On the other hand,
Lemma 4.3 implies that N(s) = T = My_;(s) for every resident s
in R[k — 1]. Furthermore, since r € Ry, s € R[k — 1] for every edge
(s,p) in Dg(e, N). Thus, Cg(e, N) is a subset of My_ + e. However,
this contradicts My_; + e € G. This completes the proof.

We next assume that Algorithm 1 outputs null at Line 17. As-
sume that there exists a super-stable matching N in G. Lines 12
and 13 of Algorithm 1 imply that T, € ¥, for every resident r in
R[k]. Thus, Lemmas 4.3 and 4.4 imply that Mj_; U Fi. C N. Since
Algorithm 1 outputs null at Line 17, M_; U Fi ¢ G. Thus, N ¢ G.
This contradicts N € G. This completes the proof. O

THEOREM 4.6. Algorithm 1 can solve the super-stable matching
problem.

Proor. This theorem follows from Lemmas 4.1 and 4.5. ]

5 STRONGLY STABLE MATCHINGS

In this section, we propose an algorithm for the strongly stable
matching problem (see Algorithm 2). This algorithm is based on
the algorithm of [14] for the strongly stable matching problem in
the many-to-one setting with matroid constraints. For proving that
Algorithm 2 is a polynomial-time algorithm, it is sufficient to prove
that we can decide whether each subset of E is an independent set
of the matroids in Algorithm 2 in time bounded by a polynomial
in the input size of G. We can easily prove this by Lemma 3.5 as
Algorithm 1. By using the algorithm of [3] at Line 19 of Algorithm 2,
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we can implement Algorithm 2 in O(|E|3->EQ) time, where EQ is the
time complexity of the independence oracle for the given matroids.

Algorithm 2:

1 Define My := 0, A := E, and F[0] := 0.

2 Sett:=1.

3 whilet < ndo

4 for each resident r in R; do

5 Define Z; := P|As—1(r) and D,[0] := 0.

6 for each integeri in [m,] do

7 Define Di as the set of edges e in E: N A;—1 such

that {e} is an independent set of Z, /D, [i — 1].

8 Define D, [i] := Dy[i — 1] U DL.

9 Define Z.. := (Z,/D,[i - 1])|DL.
10 end
11 Define T, := D,[m,] and S, := @ie[m,] ZE.
12 end

13 Define F; := U, eg, Tr and F[t] := F[t = 1] U F;.
Define Q; := (Q/F[t — 1])|F;.
Define ot := 3, ¢p, 1(Sr).
if r(Q;) > o; then
‘ Output null, and halt.

end

14
15
16
17
18

19 Find a maximum-size common independent set I; of

@reRt S, and Q;.
if |I{| < o; then
‘ Output null, and halt.
end
Define M; := M;—1 U I;.
Define L; as the set of edges (r, h) in A;—1 such that
ré¢ R[tland M; + (r,h) ¢ G.
Define A; := Ay—1 \ L;.
Sett:=t+1.
end
Output M, and halt.

20
21
22
23

24

25

26

27

N
®

What remains is to prove the correctness of Algorithm 2. In the
rest of this section, we assume that Algorithm 2 halts when t = k.

LEMMA 5.1. For every integer { in [k — 1], every resident r in Rg,
and every integer i in [m,], I, N D,[i] is a base of Z,|D,[i].

PRrOOF. Let ¢ be an integer in [k — 1]. Since Iy is an indepen-
dent set of @rER( Sr, [Ig] < op. Lines 20 and 21 of Algorithm 2
imply that op < |Iz|. Thus, |I¢| = o¢. Furthermore, since Iy is an
independent set of @rER[ S;, Ir(r) is an independent set of S, for
every resident r in Ry. Thus, |Ip(r)| = 1(S,) for every resident r in
Ry. This implies that Ip(r) is a base of S, for every resident r in Ry.
Thus, I, N DL is a base of ZL for every resident r in R, and every
integer i in [m;].

Let r be a resident in Ry. Let x be an integer in [m,]. Assume
that I, N D, [x — 1] is a base of Z,|D,[x — 1]. (That is, if x = 1, then
we make no assumption.) Notice that

Z¢|Dy[x — 1] = (Zy|Dr [xDIDr[x - 1].
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Thus, since Lemma 3.4 implies that
Z7 = (Z/|Dr[x])/Drlx - 1]

and Iy N Dy is a base of Z}¥, Lemma 3.5 imply that I N D,[x] is a
base of Z,|Dy[x]. This completes the proof. ]

LEMMA 5.2. For every integer { in [k — 1], My is a base of Q|F[{].

PRrOOF. Let ¢ be an integer in [k — 1]. Since I, is an independent
set of Qy, |I¢| < r(Q). Furthermore, Lines 16 and 20 of Algorithm 2
imply that r(Qy) < oy and oy < |Iz|. Thus, |Iz| = r(Qp). Since Iy is
an independent set of Qg, this implies that I, is a base of Q.

Assume that My_; is a base of Q|F[¢ — 1]. (That is, if £ = 1, then
we make no assumption.) Notice that

QIF[¢ = 1] = (QIF[¢DIF[E - 1].

Since Lemma 3.4 implies that

(Q/F[L = 1D)IFe = (QIF[£])/F[€ — 1]

and Iy is a base of Qp = (Q/F[{ — 1])|Fp, Lemma 3.5 implies that
Mp_1 U Iy is a base of Q|F[£]. This completes the proof. o

LEmMA 5.3. If Algorithm 2 outputs My, then M, is a strongly
stable matching in G.

ProoF. Notice that in this case, k = n + 1. Define M := M,,. We
first prove that for every resident r in R, M, (r) € ¥. For proving
this, it suffices to prove that for every integer ¢ in [n] and every
resident r in Ry, Ip(r) € Fr. Lemma 5.1 implies that for every
integer £ in [n] and every resident r in Ry, Iy N Dy[m,] is a base of
Z,|Dy[m;]. Thus, for every integer ¢ in [n] and every resident r in
Ry, since Ip(r) C Ty, Ip(r) € F7. Furthermore, Lemma 5.2 implies
that M € G. Thus, M is a matching in G. What remains is to prove
that M is strongly stable. Let e = (r, h) be an edge in E \ M. Assume
that r € R;. Let x be the integer in [m,] such that e € E}.

We first assume that e ¢ A,_j. Then e € Ly for some integer £
in [z — 1]. Thus, My + e ¢ G and s >pg r for every edge (s, p) in
Dg(e, My). Since My C M, Lemma 3.2 implies that M + e ¢ G and
Co(e, M) = Cg(e, My). Thus, for every edge f = (s, p) in Dg(e, M),
s >g r. This completes the proof.

We next assume that e € A;_; \ T;. In this case, e ¢ D¥. This
implies that {e} is not an independent set of Z, /D, [x — 1]. Since
MNE,[x—1] =1 N Dy[x — 1], Lemma 3.5 and Lemma 5.1 imply
that

(MNE;[x—-1])+e ¢ Fr.
Thus, M(r) + e ¢ F,. Furthermore, Lemma 3.2 implies that

Cp, (e, M(r)) = Cp, (e, M N Er[x — 1]).

Thus, for every edge f in Dp, (e, M(r)), f > e. This completes the
proof.

Lastly, we consider the case where e € Ty, i.e., e € Dy. Lemma 5.1
implies that M N E,[x] is a base of Z,|D,[x]. This implies that

MNE;[x]) +e¢ Fr.
Thus, M(r) + e ¢ F. Furthermore, Lemma 3.2 implies that
Cp, (e, M(r)) = Cp, (e, M N Ex[x]).

This implies that for every edge f in Dp, (e, M(r)), f zr e. What
remains is to prove that M + e ¢ G and for every edge f = (s,p) in
Dg(e, M), s g .
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Since Lemma 5.2 implies that M is a base of Q|F[z] and e € F,
M, +e ¢ G. Thus, M + e ¢ G. Lemma 3.2 implies that Cg(e, M) =
Co(e, Mz). Thus, for every edge (s, p) in Dg(e, M), s € R[z]. This
completes the proof. O

Recall that we assume that Algorithm 2 halts when t = k.

LEMMA 5.4. Assume that k € [n] and there exists a strongly stable
matching in G. Then for every strongly stable matching N in G and
every resident r in R[k], N(r) C Ty.

PROOF. An edge (r, h) in E is called a bad edge if the following
conditions (i) to (iii) are satisfied. (i) r € R[k]. (ii) (r, h) ¢ T,. (iii)
There exists a strongly stable matching N in G such that (r, h) € N.
For proving this lemma, it is sufficient to prove that there does
not exist a bad edge. We prove this by contradiction. Assume that
there exists a bad edge in E. For every bad edge (r, h) in E such that
r € Ry, one of the following statements holds.

o (r,h) ¢ Ag_q, e, (r,h) € L, for some integer z in [£ — 1].

o (r,h)ye Ap_1\Tr.
We denote by A; the set of integers £ in [k — 1] such that there
exists a bad edge in Ly. We denote by A the set of integers £ in [k]
such that for some resident r in Ry, there exists a bad edge (r, h) in
Ag—1 \ Tr. Notice that A; U Az # 0. For each integer i in {1, 2}, we
denote by z; the minimum integer in A; (if A; = 0, then we define
Zj 1= 00).

We first consider the case where z; < z3. Define z := z;. Let
e = (r,h) be a bad edge in L,. Furthermore, let N be a strongly
stable matching in G such that e € N. Since z < k — 1, Lemma 5.2
implies that M, € G. Furthermore, since e € L;, M, +¢ ¢ G.
Thus, Cg(e, M) is well-defined. Define C := Cg(e, M;). Then since
C C N contradicts N € G,C\ N # 0. Since e € L., r ¢ R[z]. Thus,
for every edge (s, p) in C\ N, s >p r follows from s € R[z]. For each
edge f in C\ N such that N + f ¢ G, we define Cr := Co(f, N).

Cramm 3. Foreveryedge f = (s,p) inC\N such that N(s)+f ¢ Fs,
there exists an edge g in Dp_(f, N(s)) such that f x5 g.

Proor. We first prove that N(s) C Ts for every edge f = (s,p)
in C \ N. Assume that there exists an edge f = (s,p) in C \ N such
that N(s) € Ts. Let g be an edge in N(s) \ Ts. Since s € R[z], s € Ry
for some integer ¢ in [z]. Assume that g € Ay_; \ Ts. Then since
N is strongly stable and g € N, z; < {. However, this contradicts
21 < z3. Thus, g ¢ Ap_1 \ Ts. Since g ¢ Ts, g ¢ Ap_1. This implies
that there exists an integer j in [£ — 1] such that g € L;. Since N is
strongly stable and g € N, g is a bad edge. Thus, j € A1. However,
since j < £ < z1, this contradicts the fact that z; is the minimum
integer in Aj. This completes the proof.

We now ready to prove this claim. Let f = (s, p) be an edge in
C\ N such that N(s) + f ¢ F5. Assume that f € EJ. Then since
feC, f eTs. Thus, f € DY. Since N(s) C T,

N N Eg[x —1] € Dg[x - 1].

Thus, since (I1) implies that N N Eg[x — 1] is an independent set of
Z,|Ds[x — 1], (I2) implies that there exists a base B of Z,|Dg[x — 1]
such that N N Eg[x — 1] € B. Since f € D}, Lemma 3.5 implies that
B+ f € F5. This and (I1) imply that

(NNEs[x—1]) + f € Fs.
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Thus, Dp_(f, N(s)) is not a subset of Es[x — 1]. Let g be an edge in
Dp,(f,N(s)) \ Es[x — 1]. Since f € E5 and g ¢ E5[x — 1], f 25 g.
This completes the proof. O

CramM 4. Foranyedge f inC\ N, N + f ¢ G. Furthermore, for
every pair of edges f = (s,p) inC\ N and ($,p) inCr - f,$ zp s.

Proor. Assume that there exists an edge f = (s,p) in C\ N such
that one of the following conditions is satisfied. (i) N + f € G. (ii)
N+ f ¢ G and there exists an edge (3, p) in Cr — f such that s > 3.
Since N is strongly stable, N(s) + f ¢ Fs. Claim 3 implies that there
exists an edge g in Dp_(f, N(s)) such that f x; g. This contradicts
that fact that N is strongly stable. This completes the proof. O

For any edge f = (s,p) in C \ N, since e € N, e # f. Thus, for
every edge f = (s,p) in C\ N, since s > r, e ¢ Cy follows from
Claim 4. For every edge f in C\ N, f € CN Cy. Thus, Lemma 3.3
implies that there exists a circuit C’ of Q such that

C'c(CUC")\(C\N),

where C* is Ufec\n Cf- Thus, since Cp — f C N for every edge f
in C\ N, C’ is a subset of N. This contradicts the fact that N € G.
This completes the proof.

We next consider the case where zy < z1. Define z := z5. Let r be
aresident in R; such that there exists an edge e = (r,h) in A;—1 \ T;.
Let N be a strongly stable matching in G such that e € N.

Here we prove that N(s) C Ay_; for every integer ¢ in [z] and
every resident s in Ry. Assume that there exist an integer ¢ in [z]
and a resident s in Ry such that N(s) ¢ A—;. Furthermore, let f
be an edge in N(s) \ A¢—;. Then there exists an integer j in [£ — 1]
such that f € L;. Since N is strongly stable and f € N, j € A1. This
implies that z; < j < € < z. This contradicts zz < zj.

We next prove that N(s) C T for every integer ¢ in [z — 1] and
every resident s in Ry. Assume that there exist an integer £ in [z—1]
and a resident s in Ry such that N(s) ¢ Ts. Furthermore, let f be
an edge in N(s) \ Ts. Then since N(s) € Ap—q, f € Ap—1 \ Ts. Since
N is strongly stable and f € N, ¢ € Ay. This contradicts the fact
that z, is the minimum integer in Ay. This completes the proof.

Assume that e € EX. Without loss of generality, we assume that

()

for every integer i in [x — 1]. Since N(r) C A;—1, (2) implies N N
E,[i] € D,[i] for every integer i in [x — 1].

(Az-1\T,)NELENN =0

Cramm 5. N NE.[x — 1] is a base of Z,|D;[x — 1].

Proor. We prove this claim by contradiction. Define B := N N
E,[x —1]. Since N(r) € ¥, (I1) implies that B is an independent set
of Z,|Dy[x—1]. Assume that B is not a base of Z, | D, [x—1]. Then (I2)
implies that there exists an edge f in D,[x—1]\ N such that B+ f €
Fr. Assume that N(r) + f ¢ . Since B + f € %, Dp,(f, N(r))
is not a subset of B. For every edge g in Dp,(f, N(r)) \ B, since
f €E/x—-1]and g ¢ E;[x — 1], f >, g. Thus, since N is strongly
stable, N+ f ¢ G.

Since f € A;_1, Mz—1 + f € G. Thus, since Lemma 5.2 implies
that M,_; is a base of Q|F[z — 1], Lemma 3.5 implies that {f} is an
independent set of Q/F[z — 1]. Furthermore, since (I1) implies that
N N F[z — 1] is an independent set of Q|F[z — 1], (I12) implies that
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there exists a base B of Q|F[z—1] suchthat NN F[z—1] C B. Since
Lemma 3.5 implies that B + f € G, (I1) implies that

(NNFlz-1))+ f € G.

This implies that there exists an edge (s, p) in Dgo(f, N) \ F[z - 1].
Assume that s € Rp. If £ < z — 1, then since N(s) C Ts, (s, p) € Fp.

This contradicts (s, p) ¢ F[z — 1]. Thus, s ¢ R[z — 1]. Since r € R,

r zg s. However, this contradicts the fact that N is strongly stable.

This completes the proof. O

Define
B:=(NNE;[x—1]) +e.

Since N(r) € ¥+, (11) implies that B € 7. Recall that N(r) C A,_1.

Thus, B is an independent set of Z,. Lemma 3.5 and Claim 5 imply
that {e} is an independent set of Z, /D,[x — 1], i.e., e € D¥. This
contradicts e ¢ T,. This completes the proof. O

LEMMA 5.5. Assume that k € [n] and there exists a strongly stable
matching in G. Then for every strongly stable matching N in G, every
resident r in R[k], and every integer i in [m,], N N EL is a base of ZL..

Proor. Assume that we are given a strongly stable matching N
in G, a resident r in R[k], and an integer x in [m;]. Furthermore,

we assume that for every integer i in [x — 1], N N EL is a base of Z.

(That is, if x = 1, then we make no assumption.) Then Lemmas 3.4
and 3.5 imply that N N E,[x — 1] is a base of Z,|D,[x — 1]. Since
N(r) € ¥ and N(r) C T, follows from Lemma 5.4, (I1) implies that
N NE;[x]is an independent set of Z,|D,[x]. Thus, Lemmas 3.4 and
3.5 imply that N N EY is an independent set of Z¥. Assume that
N N E¥ is not a base of Z¥. Then (I12) implies that there exists an

edge e in Dy \ N such that (N NE;) + e is an independent set of Z;*.

Lemmas 3.4 and 3.5 imply that (N N E,[x]) + e is an independent
set of Z,|Dy[x]. Thus, if N(r) + e ¢ ¥, then there exists an edge f
in Dp, (e, N(r)) such that e >, f. Thus, since N is strongly stable,
N+e¢gG.

Assume that r € R,. Sincee € A,_1, M,_1 + e € G. Thus, since
Lemma 5.2 implies that M,_1 is a base of Q|F[z — 1], Lemma 3.5
implies that {e} is an independent set of Q/F[z — 1]. Furthermore,
since (I1) implies that N N F[z — 1] is an independent set of Q|F[z —
1], (I12) implies that there exists a base B of Q|F[z — 1] such that
N N F[z — 1] € B. Lemma 3.5 implies that B + e € G. Thus, (I1)
implies that

(NNFlz-1])+ee@G.
Thus, there exists an edge (s, p) in Dg(e, N) such that (s, p) ¢ F[z—1].
Assume that s € Rp. If € < z — 1, then since N(s) C Ts follows from
Lemma 5.4, (s,p) € Fp. This contradicts (s,p) ¢ F[z — 1]. Thus,
s € R[z — 1]. Since r € R,, r =y s. However, this contradicts the
fact that N is strongly stable. This completes the proof. O

LEMMA 5.6. Assume that k € [n] and there exists a strongly stable
matching in G. Then for every strongly stable matching N in G and
every integer € in [k], N N Fg is a base of Q.

Proor. Assume that we are given a strongly stable matching
N in G and an integer ¢ in [k]. Furthermore, we assume that N N
F[¢ — 1] is a base of Q|F[¢ — 1]. (That is, if £ = 1, then we make no
assumption.) Notice that (I1) implies that NN F[£] is an independent
set of Q|F[¢]. Thus, Lemmas 3.4 and 3.5 imply that N N Fy is an
independent set of Q¢. Assume that N N Fy is not a base of Q.
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Then Lemma 3.5 implies that N N F[£] is not a base of Q|F[{]. Thus,
(I2) implies that there exists an edge e = (r, h) in F[£] \ N such that
(NNF[f]) +e € G. Thus, if N + e ¢ G, then Dg(e, N) € F[{]. Let
f = (s.p) be an edge in Dg(e, N) \ F[{]. Then Lemma 5.4 implies
that s ¢ R[{]. Since r € R[], this implies that r > s. Thus, since
N is strongly stable, this implies that N(r) + e ¢ 7.

Assume that e € EY. Define B := N N E[x — 1]. It follows from
Lemma 5.4 that B C D, [x — 1]. Furthermore, since N(r) € ¥, (I1)
implies that B € #;. Thus, (I12) implies that there exists a base of
B of Z,|D,[x — 1] such that B C B. Since ¢ € E¥ N F[{] = D¥, it
follows from Lemma 3.5 that B + e € #;. Thus, (I1) implies that
B + e € 7. This implies that Dp_ (e, N(r)) € B. Thus, there exists
an edge f in Dp, (e, N(r)) such that f ¢ E,[x — 1]. This implies that
since e € EY, e =, f. However, this contradicts the fact that N is
strongly stable. This completes the proof. O

LEmMA 5.7. If Algorithm 2 outputs null, then there does not exist
a strongly stable matching in G.

Proor. Notice that in this case, k € [n]. We first consider the
case where Algorithm 2 outputs null at Line 17. That is, r(Qy) >
ok. Assume that there exists a strongly stable matching N in G.
Lemma 5.6 implies that N N Fy. is a base of Q. Thus, [N N F| =
r(Q). On the other hand, for every resident r in Ry and every
integer i in [m, ], Lemma 5.5 implies that N N EZ is an independent
set of ZL. This implies that for every resident r in Ry, N(r) is an
independent set of S,. Thus, (I1) implies that for every resident r
in Rg, N(r) N F is an independent set of S,. Thus, [N N Fy| < 0.
This contradicts r(Qg) > o.

We next assume that Algorithm 2 outputs null at Line 21. That
is, |I| < ok. Assume that there exists a strongly stable matching
N in G. Lemma 5.5 implies that for every resident r in Ry, N(r) is a
base of S,. Furthermore, Lemma 5.4 implies that for every resident
rin Ry, N(r) = N(r) N Fi. Thus, |N N F| = oy. On the other hand,
since Lemma 5.6 implies that N N Fy. is a common independent set
of @rERk Sy and Qg, [N N Fi| < |Ii|. This contradicts |I| < o.
This completes the proof. O

THEOREM 5.8. Algorithm 2 can solve the strongly stable matching
problem.

Proor. This theorem follows from Lemmas 5.3 and 5.7. ]

6 CONCLUSION

In this paper, we consider the problem of finding a many-to-many
super-stable matching and a many-to-many strongly stable match-
ing with master preference lists and matroid constraints, and we
prove that these problems can be solved in polynomial time. It
is interesting to clarify whether the results in this paper can be
extended to the general preference list case.
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