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ABSTRACT

We study strategic network formation games in which agents at-
tempt to form (costly) links in order to maximize their network
centrality. Our model derives from Jackson and Wolinsky’s symmet-
ric connection model, but allows for heterogeneity in agent utilities
by replacing decay centrality (implicit in the J-W model) by a va-
riety of classical centrality measures, as well as game-theoretic
measures of centrality. We are primarily interested in characteriz-
ing the asymptotically pairwise stable networks, i.e. those networks
that are pairwise stable for all sufficiently small, positive edge costs.
We uncover a rich typology of stability:

- we give an axiomatic approach to network centrality that allows
us to predict the stable network for a rich set of combination of
centrality utility functions, yielding stable networks with features
reminiscent of structural properties such as "core periphery” and
"rich club" networks.

- We show that a simple variation on the model renders it universal,

i.e. every network may be a stable network.

We also show that often we can infer a significant amount about

agent utilities from the structure of stable networks.
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1 INTRODUCTION

Centrality in social networks is a topic that has seen an overwhelm-
ing amount of recent work at the intersection of Social Network
Analysis [55], Physics of Complex Systems [45], Economics [36],
Theoretical Computer Science and Artificial Intelligence [22]. Many
of the existing models of network formation are stochastic. In real-
ity, networks form and evolve as a consequence of agent incentives.
Among these incentives centrality maximization is certainly a per-
vasive one. To give just one too familiar example: the increasing
competitive nature of the scientific enterprise, coupled perhaps
with an ever more common! reliance on quantitative measures?

land, in our opinion, unfortunate
2of "centrality” in the citation network (!), such as the H-index
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and rankings of individuals and publishing venues as proxies for
research quality, has often resulted in a significant explosion in the
number of submissions to venues perceived as "top ones" (e.g., A.IL
conferences such as NeurIPS, IJCAI or AAAI). The decisive factor
seems to be, of course, authors’ perception that publication in top
venues is a way to increase their papers’ impact, which ultimately
increases their own “centrality”, that they want maximized.

Less clear are the strategic consequences of agents’ propensity for
competing for central positions. By this we mean understanding
the manner in which agents’ preferences for central network posi-
tions influence the actual unraveling of network structure. Until
recently, models of strategic network formation (e.g. [4, 37]) were
unable to reproduce the rich typology of emerging networks uncov-
ered by social network analysis (witnessed e.g. by concepts such
as core-periphery structure [10], the rich-club effect [58], or small-
world networks [56]). Very interesting recent work [7] showed that
strategic network formation models can reproduce the basic char-
acteristics of social networks, low diameter, a power-law degree
distribution and high clustering in its equilibrium networks. The
model of Bild et al. assumes that the cost of an agent u is a sum
of (a). The sum of costs of all adjacent edges uv, assumed to be an
arbitrary convex function of the distance between u and v, should
the edge uov not be present, and (b). The sum of distances to all other
agents. Interesting as this result is, it assumes that agents’ utilities
have a quite specific nature, fairly similar for all agents: what
all agents attempt to minimize is a (generalized form) of sum of dis-
tances to all other networks. Real agents may have objectives that
are not distance based (e.g. intermediate communication between
various parts of the network). Furthermore, different agents may
have different, unrelated, centrality objectives.

The goal of this paper is to contribute to understanding network
formation from a game-theoretic perspective that assumes that
agents are willing to modify network structure (at a small cost per
extra link) in order to improve their centrality. We start from the
realization that the most well-known model of strategic network
formation, the symmetric connection model [36, 37] can be seen as
maximizing agents’ decay centrality [17, 53], subject to constant
edge cost. Our model accomodates heterogeneity in centrality ob-
jectives: we show via an axiomatic approach to network centrality
[9], that salient features of centrality measures can influence the
structure of emerging networks in predictible ways.

A key design choice for models of network formation is their
handling of tie strength: It is well-known that weak ties play an im-
portant role in social dynamics, being extremely useful for informa-
tion dissemination [29]. Our model restricts agents tie manipulation
attempts to weak ties only, whose cost of establishing/maintainance
can realistically be assumed to be a tiny positive constant. An
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explanation for such a restriction is not merely modeling conve-
nience, but the existing tension between breaking strong links and
centrality maximization: in real life strong links could be either
exogeneously imposed (e.g. agents interacting as being part of the
same organization, e.g. being coworkers) or have such a high intrin-
sic cost of breaking (e.g. family ties) that this renders the objective
of centrality maximization unrealistic.

A second key design choice concerns the limits of centrality
maximization: So far we have assumed that agents want to increase
their centrality indefinitely, subject to maintaining reasonable costs
for their direct contacts. In real life increasing centrality may be
subject to diminishing returns: the marginal benefit from increased
centrality diminishes (or even plateaus) beyond a certain point.
A simple way of incorporating this observation into the model
is assuming (see Definition 5 below) that each agent is endowed
with a target centrality threshold 6; (possibly infinite) beyond which
centrality increases bring no utility to the agent.

The main questions that motivate us are:

Q1. Given a set of agents with a heterogeneous set of centrality
objectives, can one predict the stable networks ?

Can we obtain richer classes of stable networks than in the
classic symmetric connections model ? Are observed features
of real-world graphs (e.g. rich-club, core-periphery) compat-
ible with explanations based on centrality maximization ?
Can we infer (at least something about) agents’ centrality
objectives from the (set of) stable networks ?

Q2.

03.

Given the extreme potential heterogeneity of agent objectives, it
may seem that no substantive positive answer could be given to
the three questions above. A first contribution of our paper is
to show that this is not the case, by providing well-behaved
examples where the answers to the three previous questions are
affirmative. Remarkably, stable networks in our models display
(stylized versions of) some features such as core-periphery and
rich club effect. A second contribution of our paper is the iden-
tification of a fundamental limit of prediction in centrality
maximization models, in the form of a plausible variation in the
model specification that renders it universal, in the sense that every
network can arise as an equilibrium. The property we highlight
is natural, assuming that agents’ utility is subject to a threshold
beyond which no extra gain in centrality increases their utility.

The following is an outline of our main results: we first show
(Theorem 3) that for mixtures of agents satisfying one of four mono-
tonicity axioms stable networks may contain an unique complex
component consisting of a "core” (clique) and a "periphery" of nodes
only connected to core nodes. On the other hand (Corollary 2), for
degree homophilic measures stable networks display a rich club
effect: they consist of a sequence of cliques of rapidly decreas-
ing sizes, together with isolated nodes. For betweenness centrality
games we show (Theorem 7) that connected stable networks have
small diameter and are characterized by an interesting property re-
lated to neighborhood domination in graphs. We provide some futher
analytical results and conjectures (based on simulations) for some
less well-behaved centralities. Finally, we show that adding thresh-
olds to the model makes it universal (Theorem 4). Some of these
cases are complemented by results (Corollary 1 and Theorem 9) on
learning agent types from the (set of) stable networks.
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2 PRELIMINARIES

We assume familiarity with basics of graph theory, coalitional game
theory (see Chalkiadakis et al. [14]), strategic network formation
(e.g. Jackson [36]) and centrality measures in social networks [19,
40]. In particular, given network g and vertex i of g, we will denote
by deg(z) the degree of i in g, by N (i) the set of neighbors of i in g,
and by N(l) the set N(l) = {i} U N(i). We also denote by g + ij the
network obtained by adding missing edge ij, by d(i, j) the distance
between i and j, and by Conn(i) the connected component of i
in g. We will write g1 + g7 for the disjoint union of two networks
g1, 92. An edge is called a bridge edge if its removal disconnects the
graph. The neighborhood domination relation is a classical concept
in graph theory (e.g. Definition 1.16 in Brandstadt et al. [12]), first
formulated (under the name vicinal preorder) in Foldes and Hammer
[25] and formalized as follows:

DEFINITION 1. Given vertices x, y in graph g, we say that y domi-
nates x (and writex < y) iff N(x) € N(y) U {y}.

Given a set of vertices V, denote by Gy the set of graphs on
vertex set V. A centrality measure is a function C : V X Gy — R.
We will force notation and write Cy[g] instead of C(v, g). We also
review the following special cases:

DEFINITION 2. Given node i in network g, deﬁne>

1 deg(l)

=~y
jeConn(i)

- The eccentricity centrality of i is deﬁned[3] as Ceccli] =
min((n—1)/d(i, j) : j € Conn(g)).

- The random walk closeness centrality of i is defined [57] as
Celoseli] = W, where ht| j, i] is the expected time

Jj€Conn(i

for a random walk started at j to first hit i.

- The decay centrality of i is defined as Cg,.[i] =

- The degree centrality of i is Cgegli] = 7=
- The closeness centrality of i is Cyjoge [ ]

3 ,gd(i,j)’

where [ is a fixed parameter,0 < f < 1.
- The harmonic centrality of i is Cpqpm[i] = 2 3

O-y,z(i)
Oyz

2

y#itz
that is the sum of percentages of shortest paths between arbi-
trary vertices y, z that pass through i.
- The random walk (a.k.a. current flow) betwenness centrality
of i is defined [46] as Crwli] = A;&Z#k rjks wherer;y is
NE
the probability that a random walk starting at node j with
absorbing node k passes through node i.
- The eigenvector centrality of i is defined as Cejg[i] = w[i],
where w is the eigenvector corresponding to the largest eigen-
value of the adj. matrix of g.

- Thebetwenness centrality of i is Cpesipeen il =

§ i ok ARy ;.

k=1j=1

- The Katz centrality is defined as Cx ;. [i] =

where a is a parameter, 0 < o < 1.
- Pagerank. See e.g. [8] for formal definitions and some proper-

ties.
3in many papers eccentricity is defined as max(d(i, j) : j € Conn(g)). Defining
eccentricity centrality like we do has been done before, and has the advantage that
bigger values correspond to "more central nodes" .
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We also need centralities defined using coalitional games (see
also [35]):

DEFINITION 3. The Michalak et al. centrality of i [42] is defined
as the Shapley value of node i in the coalitional game (N, v), where
o(S) = |SUN(S)|. It has the formula Cgr[i] = 3, W.

JEN(i)

We will also use a variant (to our knowledge first considered
here) based on the Banzhaf, rather than the Shapley value:

DEFINITION 4. The Banzhaf-Michalak centrality of i is defined
as the Banzhaf value of node i in the coalitional game (N, v), where
0(S) = |SUN(S)|. An easy computation shows that it has the formula

Cporlil= X

JEN(D)

_1
2deg(j) *

DEFINITION 5. Given centrality measure C = (C;) and threshold
0 = (0;) € (RU {+00})™, the O-truncation of C is the centrality Cy
defined by

Cilgl,
0,

Note that for 0 = oo (or just a large integer) we get the original
utility. So truncations really extend our previous framework. An agent
threshold 0; is called individually feasible if ; = 0 or ; > 0 and
there exists some network h on the set of vertices {j € N : §; > 0}
such that C;[h] = 6;. A network w is called feasible iff Ci[w] < 6;
for all agents i.

ifCilg] < 0;
otherwise.

Ciolgl = {

3 MODEL AND AXIOMATIC SETTING

Our framework, which extends the Jackson-Wolinsky symmetric
connection model, is specified as follows:

DEFINITION 6. The symmetric connection model with general-
ized centralities (C;), thresholds 0; and edge cost ¢ is defined as
follows: the utility of player i on network g is

1

where C; g, is the 0;-truncation of centrality C;. We will occasionally
avoid mentioning the family of centralities (C;) and thresholds 0;
when they are clear from the context.

ui(g) = Cig,(g) — c - deg(i).

An edge flip of a pair of nodes i, j of a network g is the addition
of ijto g,if ij ¢ g, or its removal from g, if ij € g. The outcome of
an edge flip is the resulting network h.

DEFINITION 7. An edge flip is a weakly improving move for
player i ifu;(h) > u;(g), and a strongly improving move if u; (h) >
ui(g). An edge flip is an improving move iff:

- it is an edge addition that is strongly improving for at least
one endpoint and at least weakly improving for both, or
- is an edge deletion, strongly improving for some endpoint.

The main model of the emerging network structure employed
in the area of strategic network formation, defined in Jackson and
Wolinsky [37] is:

DEFINITION 8. Network g is called pairwise stable if no edge flip
is an improving move.

653

AAMAS 2022, May 9-13, 2022, Online

In this paper we use a version of pairwise stability that is appro-
priate to our setting that assumes weak ties only, in which the edge
cost is a tiny (but positive) value € > 0. Therefore, the following
variant of pairwise stability will be our main notion of interest:

DEFINITION 9. Consider the symmetric connection model with gen-
eralized centralities. Network g is called asymptotically pairwise
stable (APSN) if there exists €9 > 0 such that for every 0 < € < €, g
is pairwise stable in the model instantiation with edge cost €.

Since APSN is a version of pairwise stability, results on APSN re-
late to existing literature. For instance the original Jackson-Wolinsky
result can be interpreted as stating that for decay centrality games
the unique family of APSN consists of complete graphs K.

3.1 Axioms for network centralities

The first axiom is a simple one and has been discussed before in the
literature [9]. It formalizes the intuition that adding edges always
improves the centrality of adjacent nodes:

AxioM 1. A centrality measure C is increasing if wheneverij ¢ g,
Cli,g +ij] > Cli,g].

If C is a centrality measure satisfying some axiom then C’ =
1/(1+C) (or even C’ = 1/C, when C is strictly positive) satisfies
a correspondingly modified "dual” axiom. For instance, here’s the
dual of Axiom 1:

Axiom 1. A centrality measure C is decreasing if wheneverij ¢ g,
Cli,g+ij] < Cli, g].

Our next axiom represents a different type of monotonicity: the
benefit of extra links only incurs for agents already in the same
connected component. It is a more precise version of an axiom due
to Boldi et al. [8]:

AxioMm 2. A centrality measure C islocally increasing if it satisfies
the following conditions: If ij ¢ g and i, j are in the same connected
component then C[i,g + ij| > C[i,g]. Ifij ¢ g and i, j are not in the
same connected component in g then C[i, g + ij] < C[i,g].

In the dual scenario agent only benefit when forming bridges
between previously disconnected components:

AxioMm 2’. A centrality measure C is peripherally decreasing if
it satisfies the following conditions: Ifij ¢ g and i, j are in the same
connected component then C[i,g +ij] < C[i,g]. Ifij ¢ g and i, j are
not in the same connected component in g then C[i,g + ij] > C[i, g].

The setting of Axiom 2 is not vacuous, as we have:

THEOREM 1. Closeness centrality and random walk closeness cen-
trality satisfy Axiom 2.

The next axiom has a different flavor, and encode a scenario
when agents benefit by connecting only when they were "of the
same/different types". In our particular setting homophily is as-
sessed with respect to agents’ degree.

AxioM 3. A centrality measure C is degree homophilic if the
following is true: there exists a strictly increasing function f such that
for any network g and edgeij ¢ g, adding edgeij to g is an improving
move for i iff deg(i) < f(deg(j)).
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Centrality ‘ Axm. ‘ Reference ‘
Degree 1,4,5 trivial
Harmonic 1 Boldi and Vigna [9]
Katz 1
Decay 1
Pagerank 1 Chien et al. [16]
Boldi et al. [8]
Closeness 2 Theorem 1
r.w. Closeness 2 Theorem 1
Michalak et al. 3 Theorem 2

Figure 1: Axioms for centrality measures.

An example of measure satisfying Axiom 3 is:

THEOREM 2. Michalak et al. centrality satisfies Axiom 3 with

f(n)=(m+1)(n+2)-3.

The following axiom introduces a weak version of a fairness axiom
that has been considered in previous literature ([43, 47]):

Ax1ioMm 4. Centrality measure C is called weakly fair if the follow-
ing are true: whenever g is a network, S C V(g), i,j € S such that
ij & E(g) and Cilg + /] — Cilg] = max{Celg + kI — Celg] : k. €
S,kl ¢ E(g)}, we haveCj[g+ij] > Cj[g+rj] forallr € S,rj ¢ E(g).
In other words edges that are (global) maximizers of the increase in
network centrality are (local) maximizers of the increase in network
centrality for both endpoints.

Axiom 5. Increasing centrality measure C is called ordered if the
following are true: whenever g, h are networks on the same set of
vertices such that E(g) C E(h) and i, j, k are vertices of g (and h)
such that ij,ik ¢ E(h), we have: if Ci[g + ij] = Cilg + ik] then
Cilh +ij] = Ci|h + ik] In other words the relative effect of edges is
closed under the addition of (unrelated) edges.

ExaMPLE 1. Degree centrality satisfies axioms 1,4 and 5. So do
related variations such as Ci[g] = degg(i)z, weighted versions of

the degree, or the following (more interesting) centrality measure:
Cylg] = 0 ifv is isolated in g, Cjy[g] = %gg(ﬁ)

For space reasons, we refer for some of the missing proofs to the
longer version [34]. On the other hand, many of our results (even
theoretical ones) arose from implementing our model in Python
using the networkx package [31] and performing computational
experiments.

otherwise.

4 APSN FOR MONOTONE CENTRALITIES

In this section we consider mixtures of agents satisfying axioms
1,1/, and 2, 2”. Our first result deals with the case when all agents
thresholds are 6; = oo. In this case we can characterize the APSN
as those graphs whose connected components are (perhaps single
node) cliques plus, maybe, one complex component, which is not
a complete graph. This complex component displays an extreme
form of core-periphery structure: it consists of a core, a clique of
nodes of type 1 and 2, and a periphery consisting of nodes of type
2’ attached to core nodes only:
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THEOREM 3. The APSN in the centrality model with agents satisfy-
ing one of Axioms 1,1/, 2,2’ are precisely those networks g satisfying
the following rules:

- All agents of type 1" are isolated.

- There is a single connected component that contains all agents
of type 1. Agents of type 1 and 2 in this component form a clique
("the core"). All agents of type 2" belong to this component, and
are pendant vertices attached to vertices of type 1 of the clique
("the periphery").

- All other connected components are complete graphs (including
isolated nodes) containing agents of type 2 only.

Proor. Consider an APSN. All agents of type 1 must be con-
nected in a clique, since adding an edge is an improving move for
all of them. For agents of type 2 belonging to this component it is
beneficial to connect to all nodes of type 1 (and among themselves),
hence they are also part of the clique core. Agents of type 2’ want
to stay connected to the component, but only minimally: once they
are connected to a node in the component, adding any extra edge
is not improving for them. Their contacts must be of type 1: if they
were of type 2 they’d benefit from severing the connection.

All other components consist of agents of type 2 only, for which
it is beneficial to fully connect. O

O typel
© type
0 type2 y
[ type 2/ |

Figure 2: APSN for mixtures of monotone centralities.

As a corollary of the previous result, we can infer quite a lot
about agent types from the structure of stable networks:

CoroLLARY 1. Consider, in the setting of Theorem 3, an asymptot-
ically pairwise stable network g. Then:

a). Isolated nodes are either of type 1’ or 2.

b). An agenty in clique components of size > 2 may be of type 1
or2. It is guaranteed to be of type 2 when there exists a complex
component in g which doesn’t contain y, or when some agent
x in a different component is known to be of type 1 (Fig. 2).

. In the complex component pendant vertices are of type 2’ (Fig. 2)

and their neighbors are of type 1. All other nodes are of types

lor2

One cannot distinguish between centrality measures of the

same type, nor between nodes of different types in the same

listing (a)-(c).

d).

As the next result shows, even for monotone measures, adding
finite thresholds has a profound effect on the structure of APSN,
changing them from complete graphs to all graphs:

THEOREM 4. The following are true:
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Start with the empty graph g = 0,,.

while (not done):
let e = ij ¢ E(g) maximize quantity C;[g + ij] — Ci[g].
among those satisfying C;[g] < 0; and C;[g] < 0;.
g=gU{e}

return g.

a)

b).

c)

PrOOF.

Figure 3: Greedy algorithm for finding APSN.

. For every network g and centralities (Ci)icy (g) satisfying

axiom 1 there exist thresholds (6;) s.t. g is an APSN for the

truncated centrality game with thresholds 0;.

If agents’ original centrality measures satisfy axiom 1, then

for all families (0;) of thresholds, the APSN for the truncated

centrality games with thresholds 0;, if they exist, can be char-

acterized as the graphs with "Pareto optimal centralities”, i.e.

graphs h satisfying:

- foreveryij ¢ E(h), Ci[h] = 6; or Cj[h] > 0;, and

- for every edge ij € E(h), removing ij from h would yield a
network I with C;[l] < 6; and C;[I] < 6;.

. For all 9; > 0, APSN exist in all truncated centrality games

with centralities (C;) satisfying Axioms 1, 4 and 5.

a. Let 6; = C;[g]. We claim that g is an APSN for the
truncated centrality game with centralities C; and thresholds
0;. Indeed, consider an edge ij of g. Nodes i, j don’t want to
drop edge ij, since their current centrality values are 0;, 0;
while, by Axiom 1, their centralities would decrease below
these values if they dropped ij. Let now i, j be vertices such
that ij ¢ g. Since their current centrality values are 0;, 0;
(at the threshold), adding edge ij would not increase their
truncated centralities, while incurring the extra (positive)
cost of edge ij. So adding edge ij is not an improving move.

. First, by essentially repeating the proof at point a., it is easy
to see that graphs with Pareto optimal centralities are APSN.
The opposite direction is equally easy: consider an APSN h
and two vertices i, j. If ij ¢ E(h) then adding edge ij must
not be an improving move for at least one of i, j. Since C;, Cj
are increasing, the only possibility is that C;[h] > 0; (so that
adding edge ij does not increase the truncated centrality of
i and, in fact, decrease its utility, because of the extra cost
of edge ij) or, similarly, Cj[h] > 0;. Consider now the case
when ij € E(h). Because centralities are increasing and re-
moving edge ij is not an improving move, removing ij must
strictly decrease truncated centralities for both nodes i, j.
This is only possible if the centralities of i, j in the resulting
network [ satisfy C;[I] < 6; and C;[I] < 0;.

. First of all, a comment about the result at point b.: it does
not establish the existence of APSN, since it is not clear that
the conditions in the characterization are actually feasible.
This is what we show next, under the hypothesis that all
centralities satisfy axioms 1,4,5.

We will prove the existence of APSN as follows. Consider
the algorithm in Figure 3. We claim that its outcome g is an
APSN. Indeed, none of the missing edges could be added to g:
if ab ¢ E(g) then Cq4[g] > 04 or Cp[g] > 6 at the moment
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when edge ab was considered for inclusion. Since centralities
only increase during the algorithm, the condition is valid at
the end of the algorithm as well.
On the other hand, consider an edge ab € E(g) with C,[g] >
04. In order to apply point (b), we aim to prove that for every
edge ad € E(g), Cqlg — ad] < 0,. Let af be the last edge
adjacent to a added to g by the algorithm in Figure 3. By the
algorithm, adding af is the first moment the centrality of
node a increases beyond value > 0,. So C4[g — af] < 04.
We will prove that in fact C,4[g — ad] < Cqlg — af] < 04.If
d = f then our claim is true. Otherwise, edge ad must have
been added to g before edge af. Consider the moment when
adding edge ad. Let g be the network before the addition. By
Axiom 4, adding edge ad maximized the centrality increases
of both nodes q, d. Since af was a candidate for edge addition,
Calgo+af] < Calgo+ad]. By the fact that C, satisfies Axiom
5, Calg1 + af] < Calg1 + ad], where g1 2 gy is the graph
g—{af,ad}.Butg; +af =g —ad and g1 + ad = g — af.

O

5 DEGREE HOMOPHILY YIELDS RICH-CLUB
APSN
Next we study centrality games for degree-homophilic centrality

measures. The following result shows that APSN in this case have
a "rich club" hierarchical structure:

THEOREM 5. Let h be an APSN for the centrality game with upward
degree homophilic centralities with function f (-) satisfying f(0) = —1
and f(x) > x for every x > 1.

Let m be the maximum degree of a node in h. Let n] = min{k :
f(k) = m} and, fori > 2, n] = min{r : f(r) = nj_}. Clearly
n} > nj > ... (and one can assume w.lo.g., by removing multiple
copies of the same value, that n} > ... > ny =1 for somer > 1)

a). If deg(i),deg(j) = nj thenij € E(h).
b). Ifdeg(i),deg(j) € [nz, n;;_l] for somek > 2 thenij € E(h)

("alike nodes connect to each other")

o). Ifk > 2, deg(i) < n;;, deg(j) > nl’;l thenij ¢ E(h).

ProoFr. We use the definition of degree homophily:

a).

b).

c).

Since deg(i) > n] and f is monotonic, f(deg(i)) > f(n]) 2
m > deg(j), and similarly f(deg(j)) > deg(i). If i, j were
not connected, then adding ij would be an improving move
for both of them.
Similar to (a): as deg(i) > nz and f is monotonic, f(deg(i))
> f(n}) = m_, = deg(j). so f(deg(i)) 2 deg(j). and
similarly f(deg(i)) > deg(j).Ifi, j were not connected, then
adding ij would be an improving move.
We have deg(i) < n so f(deg(i)—1) < f(nl*c -1 < nz_l <
deg(j) — 1. Hence deg(j) — 1 > f(deg(i) — 1), so removing
edge ij is an improving move for j, since in the graph h =
g — ij adding edge ij is not an improving move for j.

O

COROLLARY 2. Leta; >as > ... > ap > apy1 =1 be a sequence

of integers such that a; — 1 > f(aj41 — 1) foralli=1,..

., p. Then

all graphs of type Ka, + Ka, + ... + Kq, + rKo ("stratified clique
graphs") are APSN for upward degree homophilic centrality games
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with function f and conversely, all APSN are unions of cliques with
this structure.

Proor. We need the following simple

LEMMA 1. Let g be a network and ij € E(g). Then removing edge
ij from g is an improving move iff deg(j) — 1 > f(deg(i) — 1) or
deg(i) = 1> f(deg(j) = 1).

ProoF. Removing edge ij is an improving move iff for at least
one of the two nodes i, j its betweenness centrality stays the same
when removing the edge. In this case adding edge ijto h = g —ij is
not an improving move and vice-versa: if adding edge ij to h is not
an improving then one of i, j has the same betweenness centrality
in g as in h, hence removing edge ij is an improving move in g.

By definition, adding edge ij to h is not improving iff degy, (i) >
f(deg () or degy(j) > f(degn(i)). o

Consider now a sequence a; > az > ... > ap > apy1 = 1 bea
sequence of integers such thata; —1 > f(a;j41—1) foralli=1,...,p.
We first need to prove that all graphs of type Kq, +Kg, +. . .-+Ka, +1Ko,
[ > 0, are APSN.

This is easy, by applying points a),b),c) of the theorem: let, indeed,
y, z be nodes in the same clique Kg,, 1 < r < p. We need to show
that removing edge yz is not an improving move. Since they are in
the same clique, the degrees of y, z are both equal to a, — 1. Since
ar —1 < f(ar — 1) (because a, > 2 and f(x) > x for x > 1), the
desired conclusion follows by Lemma 1.

Let now y,z be nodes in different cliques, y € K,, z € Kg,,
ar > as. We have deg(y) = ar — 1> f(as — 1) = f(deg(z)). By the
definition, adding edge yz is not an improving move.

Since 0 > f(0) = —1 connecting any isolated node to any other
node is not an improving move. So g is an APSN.

Conversely, let g be an APSN. By applying points a) and b) of the
Theorem, we get that g has edges between every two vertices whose
degrees are in the same interval [n}, n}_,], where by convention
ng = m.

To infer the fact that g has the structure claimed in the corollary
we need to prove that no other edges are present. Point c) of the
theorem excludes edges between node whose degrees are not in
the same interval.

The only potential trouble is that there might be a node x of
degree n} who is connected with nodes whose degrees are in both
intervals [n},;,n}] and [n},n}_,], thus "joining two cliques". We
will show that something like this doesn’t happen by induction on
i

Case i = 1: Let z be a node of maximum degree m. Let A be the
set of nodes with degree in the range [n], ng]. Then all the nodes
in A are connected to each other. z is not connected to any node
outside A. If there were some other node w in A that is connected
to a node outside A then w would have degree higher than m, a
contradiction. Hence nodes in A form a connected component that
is a clique.

The induction step: Assume we have obtained [ — 1 connected
components that are cliques of size a; > az > ... > a;_; satisfying
the condition a; — 1 > f(aj41 — 1) fori=1,...,1 — 2. Applying the
reasoning in the induction case i = 1 to the remaining graph we ob-
tain a connected component of size a; that is a clique. Furthermore
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aj_1 — 1> f(a; — 1), since nodes in the I’th clique component are
not connected to those in the [ — 1’st component.

It is possible that the tail of the resulting sequence ay, ..., as
is composed of components of size 1, that is isolated nodes. The
required condition is satisfied, since 1 — 1 > f(1 - 1) = f(0) =
-1. m}

In the previous theorem the condition f(x) > x is necessary: as
the next result shows, without it the structure of APSN is much
simpler:

THEOREM 6. Consider a centrality game with upward degree ho-
mophilic centralities with common function f(x) = x — 1. Then no
edge addition can be an improving move.

Assume that, additionally, for every agents i, j such thatij ¢ g
and deg(i) < deg(j) we have Cij[g +ij] < Ci[g]. Then the unique
APSN for the centrality game is the empty network 0p,.

Proor. Adding a missing edge ij can never be an improving
move: to be so, one would need, simultaneously that deg(i) <
deg(j) — 1 and deg(j) < deg(i) — 1, which is impossible.

For similar reasons, removing an existing edge ij is always im-
proving for one of the endpoints. Indeed, assume that h is a network
containing edge ij and, w.l.o.g. deg(i) < deg(j).Letg = h—ij. Then
ui(g) — ui(h) = Ci[g] — Ci[h] + ¢ > 0. So removing edge ij is an
improving move for i. O

OBSERVATION 1. The Banzhaf-Michalak centrality satisfies the
conditions of Theorem 6. Indeed, assume ij ¢ g and deg(i) < deg(}j).
Then Ci[g +ij] — Cilg] = zde_ql(i)ﬂ + zdegl(_fm > !

1
Sdeg (T <0.

6 DOMINATION AND APSN IN BETWENNESS
CENTRALITY GAMES

In this section we completely characterize APSN for betweenness
centrality games. First, simple computations provide examples of
APSN with components that are not complete graphs: networks
C4 + nKq, n = 0. What about the general structure of APSN ? We
will show that the domination relation plays a decisive role in their
characterization. To accomplish this, we first prove:

- odeg(i) = odeg(j)+1 -

LEmMMA 2. The following statements are true:

- Adding any bridge edge ij weakly increases i’s betweenness
centrality, strictly unless i was isolated. Consequently adding a
bridge edge is improving for i, unless i was isolated. Conversely,
a disconnecting edge removal is improving for i iff i was a
pendant node.

- Adding any non-bridge edge ij weakly increases i’s between-
ness centrality.

We now prove the following result, which gives an unexpected
(and fairly elegant) algorithmic characterization of APSN for be-
tweenness games using the domination relation:

THEOREM 7. Graphs g that are APSN for betweenness centrality
games consist of isolated vertices plus at most one connected compo-
nent C with at least two vertices which satisfies the following condition:
deg(l) > 2 for everyl € C, diam(C) = 2 and for everyi # j € C,
ij € E(g) if and only if sets N(i) \ {j} and N(j) \ {i} are incom-
parable, i.e. if none of i, j dominates the other.
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Proor. First, it is easy to see that the networks that satisfy the
condition of Theorem 7 are APSN: indeed, by Lemma 2 isolated
vertices have no incentive to connect to anyone else, as their utility
would decrease. Consider, on the other hand two vertices i, j in a
large component C.

If ij € E(g) then, by the condition of the theorem, there exist
verticesk € N(i)\{j}and! € N(j)\{i}. Since d(k, j) < 2 it follows
that k —i— j is a shortest path between i and j that would disappear
if we dropped edge ij, decreasing the betweenness centrality of i
and ultimately its utility. Similarly, if we dropped edge ij the utility
of j would also decrease, hence it is not an improving move.

On the other hand if ij ¢ E(g) then N(i) \ {j} and N(j) \ {i}
are comparable. Assume w.l.o.g. that N(i) \ {j} € N(j) \ {i}. Then
every shortest path between two vertices s, t # i that goes through
i stays a shortest path when we add edge ij: This is clear when
s,t # j, so assume w.l.o.g. t = j. Then d(s, j) = 1. Adding edge ij
creates no new shortest paths, hence it is not an improving move
for i.

Let us now prove the converse direction, that APSN satisfy the
conditions in the theorem. A first statement to prove is that any
APSN has at most one component with at least two vertices. Indeed,
if there were more than two such connected components then,
by Lemma 2, joining them by an edge ij would be an improving
move for both i, j. Second, we claim that this nontrivial component
has diameter 2: indeed, it cannot have diameter 1, as complete
graphs are not APSN. Assume there was a (shortest) path of length
3 p—q—r—sbetween two vertices p, s. Then p, s would increase their
utility by connecting since, for instance, now there is a shortest
path from g to s going through p. Third, this component has no
pendant vertices: if a node had degree 1, it would have, by Lemma 2,
an incentive to disconnect.

Consider a connected APSN g and a pair ij ¢ g, and assume
w.l.o.g. that adding edge ij decreases the utility of i for small € > 0,
so that the move is not improving. Hence adding edge ij does not
increase the betweenness of i. Paths contributing positively to the
betweenness of i before adding ij are between nodes ki, kz €
N (i) that are not connected, so that a shortest path between k1, k2
goes through i. Then adding edge ij does not change the fraction
corresponding to ki, k2 in the betweenness of i. Consider now the
shortest paths between k1 € N(i)\{j} and j. Since the betweenness
of i does not increase as a result of adding edge ij, k; must be
connected to j. Hence j dominates i.

Consider now an edge ij € g. Since the removal of edge ij is
not improving for either i or j, it means that there exists a shortest
path between some vertices s; # i # t1 that employs edge ij. As
the diameter of g is two, one of s1, t1 (say t1) must be j, hence s = 51
is a neighbor of i that is not a neighbor of j. Similarly, there must

be a vertex t = ty that is a neighbor of j that is not a neighbor of i.

Hence none of i, j dominates the other. o

OBSERVATION 2. Complete bipartite graphs K, ,, a,b > 2 satisfy
the conditions of the theorem, hence they are APSN. One could believe
that these are all connected APSN with at least 2 vertices, but this is
not true: a counterexample, found using computer simulations, is the
graph g in Figure 4. g is not bipartite as it has, e.g. triangle 459.
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Figure 4: Non-bipartite APSN for betweenness games.

7 OTHER RESULTS/CONJECTURES

In this section we study centrality games for some measures that
appear to satisfy none of Axioms 1,2,3: eccentricity centrality, ran-
dom walk betweenness and eigenvector centrality. First, we show
that eccentricity centrality is very close to obeying Axiom 2:

LEMMA 3. Let g be a network, i a node in g and j another node
such thatij ¢ g. The following are true:
- If j ¢ Conn(i) then EC(i, g +ij) < EC(i,q).
- If j € Conn(i) then EC(i,g + ij) > EC(i, g). The inequality is
strict iff j is on all shortest paths to all vertices k farthest in g
fromi.

In spite of this result, the structure of APSN for eccentricity
centrality games is quite different from the one for centrality games
with measures satisfying Axiom 2:

THEOREM 8. All vertices in connected components of size at least
three of an APSN have degree at least two. On the other hand all
connected, eccentricity-one graphs with min. degree 2 and at least two
nodes with degree at most n — 2 are APSN. There exist (Fig. 5) APSN
with eccentricity two.

/@

o

Figure 5: APSN for eccentricity centrality games.

We weren’t able to obtain a full characterization of APSN in
this case, or analytical results for random walk betweenness and
eigenvector centrality. However, computer simulations suggest that
the following statements are true. The first one is interesting due
to apparent difference with the case of betweenness:

CONJECTURE 1. For random walk betweenness centrality the only
APSN are the empty graph 0y, and the complete K;,.

As for eigenvector centrality, although it seems not to have any
monotonicity properties, experimental evidence is consistent with
the following conjecture, that seems to situate this measure together
with the monotonic ones:

CONJECTURE 2. The complete graphs K,, are the only asymptoti-
cally pairwise stable networks for eigenvector centrality.
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8 LEARNING AGENT THRESHOLDS

In spite of the previous result, we can still talk about learning agent
utility functions. However, the problem that we will deal with is not
that of learning agent centralities (which we will, in fact, assume
known), but agent thresholds. In other words, we want to answer
the following variant of Q3: Can we learn (something about) agents’
thresholds from the structure of stable networks ?

The learning model we will assume is a type of oracle learning [1].
Specifically?, oracle queries are pairs (g, i) consisting of a network
g and an agent index i. Given query (g, i) the oracle will either reply
with an APSN h such that C;[h] > Ci[g], or with "NONE", in the
case such an APSN h does not exist.

It is important to realize that thresholds may fail to be fully
identifiable simply due to the coarse resolution of centralities: for
instance, any values between two consecutive integers (e.g. 2.3 and
2.7) are completely equivalent as thresholds for degree centrality,
since degrees in graphs are integral, and jumps in centrality (as a
result of an edge flip) have a magnitude at least one. The best we
can hope for in such a scenario is to identify the interval [2,3] as
an interval that contains the threshold. The interval corresponds
to a single edge flip in a network that decreased the centrality of
the given node below the threshold value.

A potential issue with the identification of thresholds is the fact
that (consistent with the model in our Corollary 1) we only get
APSN as oracle answers. If for all APSN g, Ci[g] < 6; then all
estimates provided by the oracle on the value of the threshold are
too low. If this doesn’t happen, we can prove:

THEOREM 9. Given an agent i, assume that there exists an APSN
h with 0; < C;[h]. Then there exists an algorithm that uses oracle
queries and outputs an APSN g and edgeij s.t.Ci[g—ij] < 6; < Ci[g].
For linear centralities the algorithm runs in polynomial time.

9 RELATED LITERATURE

The area of network games is quite large, and a comprehensive
survey is impossible. We list here two such overviews: the first
one, most relevant to our interest is [38]. Another one with an
algorithmic bent is [51]. The model that we are concerned with is a
variant of the symmetric connection model [37] (see also [36]). Some
notable subsequent work includes [21, 28, 39]. Many alternative
models have been investigated. A more preeminent one is [4].
Our work owes much to the axiomatic approach to network
centralities. For significant work in this area see [5, 8, 9, 47-49, 54].
More related work exists in the theoretical computer science lit-
erature: for example, Hopcroft and Sheldon [32] discuss an oriented
model in which nodes have control over outgoing edges. There is no
cost for changing their links, and their purpose is to increase their
Pagerank. They show that the Nash equilibria in this game have a
fairly sophisticated structure (see also Chen et al. [15]). Undirected
versions of this game have been studied [3]. Recently Kouroupas
et al. [41] have studied a model in which the utility of a node is
a product of two factors: content quality multiplied by the traffic
level. In this model pure Nash equilibria always exist. On the other

4perhaps a more natural model would be one that centrality of node i in APSN g,
C;i[g]) can be bigger/smaller than some arbitrary target value. The point is that our
restricted query model is good enough.
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hand Avin et al. [2] prove that preferential attachment models can
be seen as Nash equilibria of some network games.

Other related work comes from the sociology literature [13, 33,
44]. For instance, in the Buskens and Van De Rijt model every
node strives to fill "structural holes" (including lack of connnected-
ness) between nodes. This is somewhat analogous to maximizing
betweenness, but the precise model (and the results) are different.

Our model allows heterogeneity in agents’ utilities, correspond-
ing to distinct measures of centrality. Heterogeneous network for-
mation models have been studied before, e.g. Galeotti et al. [26].

Finally, several papers (e.g. [6, 18]) have treated the problem of
improving the centrality of a node by adding or removing links.
Our work is different in several respects: first of all, in our setting
all agents aim to improve their respective centralities. Second, in
our model maintaining a link has a (small) cost.

10 CONCLUSIONS, POSSIBLE EXTENSIONS

We have shown that our models can accommodate a wide range of
agent centrality objectives. Still, we do not see our results as ade-
quate enough yet for the analysis of real-life networks. They have,
instead, more of a proof-of-concept nature, and could conceivably
be made more realistic in many ways. Some variations (we believe)
worth investigating are listed below:

Probabilistic edge addition/removal: In real life an edge may
only form with some probability even though both agents would
benefit from it. Studying such a variation could produce networks
with core structures that are dense but not quite complete.
Strong and weak links, forced links, affiliation models: In
the model we have discussed all the links are weak links. A natural
extension allows for both strong and weak links. This would entail
using two types of costs: fixed, constant costs for the strong links,
small ("€") costs for weak links. A second, orthogonal, distinction
that could be useful is that of forced versus free links. We assumed
implicitly that link formation is completely under the control of
the agent. Often this is not so: there are social ties in real life that
could be regarded as fixed, since severing them entails a significant
cost. Forced links may be a consequence of affiliation: people meet
as the result of joining the same clubs. A possibly relevant model is
the social effort model of [11]. Another one is the social clubs model
of [24]. For centrality in affiliation networks see [23].
Manipulating link strength: agents could manipulate link strength,
rather than completely severing them.

Tagged networks: agents have a tag and care about the tags of
their neighbors, like in Schelling’s segregation model.

Spatial agents: Agents interaction may result from placement in
space. A standard reference for spatial connection models is [28].
Multilayer networks: Sometimes (e.g. [20]) link formation may
encompass multiple, correlated, link types. E.g. two coworkers may
end up being friends as well. It would be interesting to formulate
multilayer extensions of the Jackson-Wolinsky model.
Overlapping communities: For centrality in such models see
[27, 30, 50, 52].

Dynamic models: Finally, our concepts of network stability are
steady-state concepts. It would be interesting to study the emerging
networks in dynamic models of network formation with a similar
philosophy.



Main Track

REFERENCES

(1]
(2]

[10]

(13

[14]

[15]

[16]

[17]

=
&

[19]

[20

[21]

[22

[23]

[25

[26]

[27

[28]

[29]

D. Angluin. 1988. Queries and Concept Learning. Machine Learning (1988).
Chen Avin, Avi Cohen, Pierre Fraigniaud, Zvi Lotker, and David Peleg. 2018.
Preferential attachment as a unique equilibrium. In Proceedings of the 2018 World
Wide Web Conference. 559-568.

David Avis, Kazuo Iwama, and Daichi Paku. 2014. Reputation games for undi-
rected graphs. Discrete Applied Mathematics 166 (2014), 1-13.

Venkatesh Bala and Sanjeev Goyal. 2000. A noncooperative model of network
formation. Econometrica 68, 5 (2000), 1181-1229.

Sambaran Bandyopadhyay, M Narasimha Murty, and Ramasuri Narayanam. 2017.
A generic axiomatic characterization of centrality measures in social network.
arXiv preprint arXiv:1703.07580 (2017).

Elisabetta Bergamini, Pierluigi Crescenzi, Gianlorenzo D’angelo, Henning Mey-
erhenke, Lorenzo Severini, and Yllka Velaj. 2018. Improving the betweenness
centrality of a node by adding links. Journal of Experimental Algorithmics (JEA)
23 (2018), 1-32.

Davide Bilo, Tobias Friedrich, Pascal Lenzner, Stefanie Lowski, and Anna Mel-
nichenko. 2021. Selfish Creation of Social Networks. In Proceedings of the AAAI
Conference on Artificial Intelligence, Vol. 35. 5185-5193.

Paolo Boldi, Alessandro Luongo, and Sebastiano Vigna. 2017. Rank monotonicity
in centrality measures. Network Science 5, 4 (2017), 529-550.

Paolo Boldi and Sebastiano Vigna. 2014. Axioms for centrality. Internet Mathe-
matics 10, 3-4 (2014), 222-262.

Stephen P Borgatti and Martin G Everett. 2000. Models of core/periphery struc-
tures. Social networks 21, 4 (2000), 375-395.

Christian Borgs, Jennifer Chayes, Jian Ding, and Brendan Lucier. 2011. The
hitchhiker’s guide to affiliation networks: A game-theoretic approach. Proceedings
of the Second Conference on Innoviations in Computer Science (ICS’11) (2011), 389-
400.

Andreas Brandstadt, Van Bang Le, and Jeremy P Spinrad. 1999. Graph classes: a
survey. SIAM.

Vincent Buskens and Arnout Van de Rijt. 2008. Dynamics of networks if everyone
strives for structural holes. Amer. J. Sociology 114, 2 (2008), 371-407.

G. Chalkiadakis, E. Elkind, and M. Wooldridge. 2011. Computational Aspects
of Cooperative Game Theory. Synthesis Lectures on Artificial Intelligence and
Machine Learning (2011).

Wei Chen, Shang-Hua Teng, Yajun Wang, and Yuan Zhou. 2009. On the a-
sensitivity of Nash equilibria in PageRank-based network reputation games. In
International Workshop on Frontiers in Algorithmics. Springer, 63-73.

Steve Chien, Cynthia Dwork, Ravi Kumar, Daniel R Simon, and D Sivakumar.
2004. Link evolution: Analysis and algorithms. Internet mathematics 1, 3 (2004),
277-304.

Jana Coronicova Hurajova, Silvia Gago Alvarez, and Tomas Madaras. 2018. On
decay centrality in graphs. Mathematica scandinavica 123, 1 (2018), 39-50.
Pierluigi Crescenzi, Gianlorenzo D’angelo, Lorenzo Severini, and Yllka Velaj. 2016.
Greedily improving our own closeness centrality in a network. ACM Transactions
on Knowledge Discovery from Data (TKDD) 11, 1 (2016), 1-32.

Kousik Das, Sovan Samanta, and Madhumangal Pal. 2018. Study on centrality
measures in social networks: a survey. Social Network Analysis and Mining 8, 1
(2018), 13.

Mark E Dickison, Matteo Magnani, and Luca Rossi. 2016. Multilayer social
networks. Cambridge University Press.

Bhaskar Dutta and Suresh Mutuswami. 1997. Stable Networks. Journal of
Economic Theory 76, 2 (1997), 322-344.

D. Easley and J. Kleinberg. 2010. Networks, crowds, and markets: Reasoning about
a highly connected world. Cambridge University Press.

Katherine Faust. 1997. Centrality in affiliation networks. Social networks 19, 2
(1997), 157-191.

Chaim Fershtman and Dotan Persitz. 2018. Social Clubs and Social Networks.
(2018).

Stephane Foldes and Peter L Hammer. 1978. The Dilworth number of a graph. In
Annals of Discrete Mathematics. Vol. 2. Elsevier, 211-219.

Andrea Galeotti, Sanjeev Goyal, and Jurjen Kamphorst. 2006. Network formation
with heterogeneous players. Games and Economic Behavior 54, 2 (2006), 353-372.
Zakariya Ghalmane, Chantal Cherifi, Hocine Cherifi, and Mohammed El Has-
souni. 2019. Centrality in complex networks with overlapping community struc-
ture. Scientific reports 9, 1 (2019), 1-29.

Robert P Gilles, Cathleen Johnson, et al. 2000. Spatial social networks. Review of
Economic Design 5, 3 (2000), 273-299.

M.S. Granovetter. 1973. The strength of weak ties. American journal of sociology
(1973), 1360-1380.

659

[30

@
=

@
0,

S
=

~
=

=
)

T~
&

=
&

N
)

[
by

‘o
o)

o
&

AAMAS 2022, May 9-13, 2022, Online

Naveen Gupta, Anurag Singh, and Hocine Cherifi. 2016. Centrality measures
for networks with community structure. Physica A: Statistical Mechanics and its
Applications 452 (2016), 46-59.

Aric Hagberg, Pieter Swart, and Daniel Chult. 2008. Exploring network structure,
dynamics, and function using NetworkX. Technical Report. Los Alamos National
Lab., Los Alamos, NM.

John Hopcroft and Daniel Sheldon. 2008. Network reputation games. Technical
Report, Cornell University.

Norman P Hummon. 2000. Utility and dynamic social networks. Social Networks
22, 3 (2000), 221-249.

Gabriel Istrate and Cosmin Bonchis. 2022. Being Central on the Cheap: Stability
in Heterogeneous Multiagent Centrality Games. arxiv.org preprint 2011.13163.
Gabriel Istrate, Cosmin Bonchis and Claudiu Gatina. 2020. It’s Not Whom
You Know, It’s What You, or Your Friends, Can Do: Coalitional Frameworks
for Network Centralities. Proceedings of the 19th International Conference on
Autonomous Agents and MultiAgent Systems, pp. 566574, 2020.

M. Jackson. 2008. Social and Economic Networks. Princeton University Press.

M. Jackson and A. Wolinsky. 1996. A strategic model of social and economic
networks. J. Econ. Theory 71 (1996), 44-74.

Matthew O Jackson. 2005. A survey of network formation models: stability
and efficiency. Group formation in economics: Networks, clubs, and coalitions 664
(2005), 11-49.

Matthew O Jackson and Alison Watts. 2002. The evolution of social and economic
networks. Journal of Economic Theory 106, 2 (2002), 265-295.

Dirk Koschiitzki, Katharina Anna Lehmann, Leon Peeters, Stefan Richter, Dagmar
Tenfelde-Podehl, and Oliver Zlotowski. 2005. Centrality indices. In Network
analysis. Springer, 16-61.

Georgios Kouroupas, Evangelos Markakis, Christos Papadimitriou, Vasileios
Rigas, and Martha Sideri. 2015. The web graph as an equilibrium. In International
Symposium on Algorithmic Game Theory. Springer, 203-215.

Tomasz P Michalak, Karthik V Aadithya, Piotr L Szczepanski, Balaraman Ravin-
dran, and Nicholas R Jennings. 2013. Efficient computation of the Shapley value
for game-theoretic network centrality. Journal of Artificial Intelligence Research
(2013), 607-650.

Roger B Myerson. 1977. Graphs and cooperation in games. Mathematics of
Operations Research 2, 3 (1977), 225-229.

Ramasuri Narayanam and Y Narahari. 2011. Topologies of strategically formed
social networks based on a generic value function-Allocation rule model. Social
Networks 33, 1 (2011), 56-69.

Mark Newman. 2018. Networks. Oxford university press.

Mark EJ Newman. 2005. A measure of betweenness centrality based on random
walks. Social networks 27, 1 (2005), 39-54.

Oskar Skibski, Tomasz P Michalak, and Talal Rahwan. 2017. Axiomatic character-
ization of game-theoretic network centralities. In Thirty-First AAAI Conference
on Artificial Intelligence.

Oskar Skibski, Talal Rahwan, Tomasz P Michalak, and Makoto Yokoo. 2016. At-
tachment centrality: An axiomatic approach to connectivity in networks. In
Proceedings of the 2016 International Conference on Autonomous Agents & Multia-
gent Systems. 168-176.

Oskar Skibski and Jadwiga Sosnowska. 2018. Axioms for distance-based centrali-
ties. In Thirty-Second AAAI Conference on Artificial Intelligence.

Piotr L Szczepanski, Tomasz P Michalak, and Michael ] Wooldridge. 2014. A
Centrality Measure for Networks With Community Structure Based on a Gener-
alization of the Owen Value.. In ECAL Vol. 14. Citeseer, 867-872.

Eva Tardos and Tom Wexler. 2007. Network formation games and the potential
function method. Algorithmic Game Theory (2007), 487-516.

Mateusz K Tarkowski, Piotr Szczepanski, Talal Rahwan, Tomasz P Michalak, and
Michael Wooldridge. 2016. Closeness centrality for networks with overlapping
community structure. In Thirtieth AAAI Conference on Artificial Intelligence.
Nikolas Tsakas. 2018. On decay centrality. The B.E. Journal of Theoretical Eco-
nomics 19, 1 (2018).

Tomasz Was and Oskar Skibski. 2018. An axiomatization of the eigenvector and
Katz centralities. In Thirty-Second AAAI Conference on Artificial Intelligence.
Stanley Wasserman, Katherine Faust, et al. 1994. Social network analysis: Methods
and applications. Vol. 8. Cambridge University Press.

D. Watts. 1999. Small-world networks. Princeton University Press.

Scott White and Padhraic Smyth. 2003. Algorithms for estimating relative im-
portance in networks. In Proceedings of the ninth ACM SIGKDD international
conference on Knowledge discovery and data mining. 266-275.

Shi Zhou and Ratl ] Mondragoén. 2004. The rich-club phenomenon in the Internet
topology. IEEE Communications Letters 8, 3 (2004), 180-182.



	Abstract
	1 Introduction
	2 Preliminaries
	3 Model and Axiomatic Setting
	3.1 Axioms for network centralities

	4 APSN for Monotone Centralities
	5 Degree homophily yields rich-club APSN
	6 Domination and APSN in Betwenness Centrality Games
	7 Other Results/Conjectures
	8 Learning Agent Thresholds
	9 Related Literature
	10 Conclusions, Possible Extensions
	References



