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ABSTRACT

We study the problem of dividing indivisible chores among agents
whose costs (for the chores) are supermodular set functions with
binary marginals. Such functions capture complementarity among
chores, i.e., they constitute an expressive class wherein the marginal
disutility of each chore is either one or zero, and the marginals in-
crease with respect to supersets. In this setting, we study the broad
landscape of finding fair and efficient chore allocations. In particu-
lar, we establish the existence of (i) EF1 and Pareto efficient chore
allocations, (ii) MMS-fair and Pareto efficient allocations, and (iii)
Lorenz dominating chore allocations. Furthermore, we develop
polynomial-time algorithms—in the value oracle model—for com-
puting the chore allocations for each of these fairness and efficiency
criteria. Complementing these existential and algorithmic results,
we show that in this chore division setting, the aforementioned
fairness notions, namely EF1, MMS, and Lorenz domination are
incomparable: an allocation that satisfies any one of these notions
does not necessarily satisfy the others.

Additionally, we study EFX chore division. In contrast to the
above-mentioned positive results, we show that, for binary super-
modular costs, Pareto efficient allocations that are even approxi-
mately EFX do not exist, for any arbitrarily small approximation
constant.
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1 INTRODUCTION

The question of dividing indivisible items among a set of agents
in a fair manner is a pervasive problem in many domains. Popu-
lar notions of fairness in the field of discrete fair division include
envy-freeness up to one good (EF1), envy-freeness up to any good
(EFX), and the maximin share guarantee (MMS). Both existential
and algorithmic guarantees for these and related fairness notions
have been extensively studied in recent years; see e.g., [3, 16].

In this research direction, a majority of results focus on the fair
division of goods, which correspond to items that, when allocated,
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induce non-negative values among the agents. Notably, the comple-
mentary settings of fair division of chores (which model negatively
valued items or tasks) are relatively under-explored. While the def-
initions of familiar fairness criteria (such as EF1 and MMS) extend
quite directly, the conditions under which a fair chore division
exists do not mirror the goods’ case.

In fact, important known results for the goods setting do not
directly extend to the chores setup. For example, the influential
work of Caragiannis et al. [13] studies the fair division of goods
when the agents have additive valuations and establishes that, in
this context, there always exists an allocation that is both EF1 and
Pareto efficient. In particular, they show that an allocation of goods
that maximizes Nash welfare among the agents achieves these
fairness and efficiency goals. By contrast, in the context of chores,
the existence of allocations that are simultaneously EF1 and Pareto
efficient has remained a challenging open problem. Such allocations
have only recently been shown to exist for a specific subclass of
valuation functions, namely bivalued additive valuations [15, 19].
Consequently, it is clear that the fair division of chores presents a
new set of technical challenges, and the study of chore division is
an important thread of research in discrete fair division.

We contribute to the recent literature on chore division by fo-
cusing on settings wherein the agents’ costs (disutilities) for the
chores have binary marginals. Specifically, an agent i’s cost func-
tion, ¢;, is said to have binary marginals (equivalently, is said to be
dichotomous) if the marginal value of the chore t relative to any
subset S is either zero or one, i.e,, ¢;(S U {t}) — ¢;i(S) € {0,1}. In
the complementary context of goods, an abundance of papers con-
sider agents with dichotomous valuations (e.g. [10, 22]), since such
valuations model agent preferences in several real-world settings,
such as kidney exchanges [26] and housing allocations [8].

The majority of our results focus on the case where the agents
have supermodular cost functions. Supermodular functions have
received considerable attention in the economics literature; notably,
the use of supermodularity to express complementarity in agents’
preferences dates back to the works of Edgeworth, Pareto, and
Fisher [27].! Specifically, an agent i’s cost function ¢; (i.e., disutilities
for the chores) is supermodular if it has increasing marginals: ¢; (TU
{a}) = ¢i(T) = ¢;i(SU {a}) — ci(S), for all subsets S C T and all
chores a ¢ T. Increasing marginals are a well-suited assumption
for chores, since taking on a new task is increasingly likely to raise
one’s cost due to the burdens of multitasking and frequent task-
switching. Binary supermodular functions model, for instance, the
costs associated with page caching, or contexts in which only the
first few trials of some software (or delivery service) are free.

'While we focus on chore division under supermodular costs, prior works have com-
plementarily addressed fair division of goods with supermodular valuations; see,
eg. [8,13].
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2 OUR RESULTS

We study the problem of finding fair and efficient allocations of
indivisible chores among agents with binary supermodular cost
functions. Our work develops several results on the existence and
computability of EF1, MMS, Pareto efficient (PO), and Lorenz dom-
inating allocations. Specifically, we show that, for these cost func-
tions, (i) an allocation that is EF1 and PO, (ii) an allocation that is
PO and in which every agent receives its minimax share (MMS),
and (iii) a Lorenz dominating allocation, always exist and can be
computed in polynomial time (given value-oracle access to the cost
functions). These results constitute some of the first positive chore-
division guarantees for standard fairness and economic-efficiency
notions in discrete fair division.

In the current context of chore division with binary supermodu-
lar costs, we also show that certain pairs of these guarantees, such
as Lorenz domination and EF1 (or MMS along with EF1), are in-
comparable, i.e., an allocation that satisfies one of these fairness
criterion does not necessarily bear the other. This is in contrast to
some well-known results for goods. For instance, in the comple-
mentary case of goods division with binary submodular valuations,
any Lorenz dominating allocation is EF1 [4]. It is interesting to
note that while some positive results carry forward from the goods
setting to the case of chores, others are negated.

We identify binary supermodular costs as a relevant function
class for which EF1 and PO allocations of chores are guaranteed to
exist. A natural follow-up question is whether this guarantee can
be strengthened: do EFX and PO allocations always exist in the cur-
rent context? We answer this question in the negative by showing
a significantly stronger negative result: for binary supermodular
costs, PO and S-EFXk allocations do not exist for any f € (0, 1]
and for any k > 1, even when the cost functions are identical.

Complementing this negative result and focusing on fairness

alone, we present positive results towards the existence of EFX for
chores. We show algorithmically that when the agents have identical
cost functions, an EFX allocation always exists. Notably, this result
only requires the (identical) cost function to be monotonic. Our
algorithm, that we call Add-and-Fix, provides an alternate proof of
the existence of EFX chore allocations for the identical valuations
case.? In fact, for any monotonic cost function c(-) that is integer-
valued (i.e., ¢(S) € Zy¢ for all subsets S), Add-and-Fix runs in
pseudo-polynomial time. Consequently, for identical cost functions
with binary marginals, we obtain a polynomial-time algorithm for
finding EFX chore allocations.
Additional Related Work. Over the past decades, the fair divi-
sion problem has emerged as a central and influential topic at the
interface of mathematical economics and computer science. A col-
lection of early fair-division results study the problem of achieving
envy-freeness [18], where no agent prefers the bundle of another.
Most of these classic works focus on the divisible setting, where a
heterogeneous item (a cake) can be fractionally divided to create
an allocation; see e.g. [11, 28].

2A result of Plaut and Roughgarden [25] shows that a leximin-type solution (that they
call leximin++) is EFX for identical valuations in the case of goods. It is straightforward
to extend this result to show the existence of EFX for chores (see, e.g., [1]). However,
we show that the leximin++ solution is NP-hard to compute even when the agents
have identical costs with binary marginals. By contrast, our algorithm obtains an EFX
allocation in polynomial time in this setting.
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Indivisible items. Over the preceding few years, the research focus
has evolved towards studying the fair division of indivisible goods,
where each good has to be allocated integrally to one agent. Since
envy-freeness cannot be necessarily achieved in such combinatorial
settings, the goal here is to obtain any of a variety of its relaxations
and other approximate fairness criteria, including envy-freeness up
to one item (EF1) [12, 24], envy-freeness up to any item (EFX) [13,
25], and the maximin share (MMS) guarantee [12, 23].

Pareto efficiency. While most of the results mentioned above con-
sider the problem of achieving fairness alone, a central desideratum
is to seek fairness with economic efficiency. A standard notion of
efficiency in mathematical economics is that of Pareto efficiency or
Pareto optimality (PO), in which no agent can be made strictly better
off without making at least one other agent worse off in the process.
The work of Caragiannis et al. [13] shows that when the agents have
additive valuations over the goods, an allocation that maximizes
Nash welfare is simultaneously EF1 and PO. However, computing
a Nash welfare maximizing allocation is NP-hard. Barman et al. 5]
bypass this hardness by showing that an EF1 and PO allocation (of
goods) can be directly computed in pseudo-polynomial time for
agents with additive valuations.

Binary marginals. Binary marginals have received substantial
attention in the fair division literature for goods (see e.g. [4, 9, 22]).
Darmann and Schauer [14] develop an efficient algorithm to find a
Nash Welfare maximizing allocation for binary additive valuations,
while Barman and Verma [7] present an approximation algorithm
for the same problem for the more general class of binary XOS
valuations. Truthful mechanisms for fair division of goods under bi-
nary additive valuations [20] and binary submodular valuations [4]
have also been developed in prior works. Babaioff et al. [4] and
Benabbou et al. [8] show the existence and polynomial-time com-
putability of allocations that are EFX and PO (and, hence, EF1 and
PO) for the class of binary submodular (or, equivalently, matroid-
rank) valuations. For this valuation class, Babaioff et al. [4] establish
existence, efficient computation, and fairness implications of Lorenz
dominating allocations.

Chore division. While the definitions of envy-freeness, MMS and
Pareto optimality extend directly from the goods case to the chores
setting, the fairness criteria of EF1 and EFX are typically defined
via the removal of a chore from the envying agent’s bundle (rather
than a good from the envied agent’s bundle). For approximately-
MMS-fair division of chores, several results are known, including
an 1—91—approximation factor [21] and a %—impossibility bound [17]
for additive agents. As mentioned previously, while allocations that
are EF1 and PO are known to exist in a variety of settings for goods,
in the chore division case such existence results are only known
for bivalued instances [15, 19]. We refer the reader to the recent
survey by Amanatidis et al. [2] for a comprehensive overview of
the discrete fair division literature. Details of the results mentioned
above appear in the full version of the paper [6].
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