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ABSTRACT

In this paper, we initiate the study of fairly dividing a set of indivis-
ible resources under the fairness notion of Maximin share (MMS),
for the setting where the agents have assignment or OXS valuation
functions. These are a popular subclass of functions that lie between
the well-studied submodular and additive function classes.
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Typically in much of economics and game theory, when investigat-
ing resource allocation among agents, the valuation functions of
agents are assumed to be beyond-additive, and have a decreasing
marginal returns property; this is essentially a complement-free-
kind property, where the value of a set of resources is less than
the sum of the values of any subsets that cover this set. [16] de-
scribed a hierarchy of five valuation function classes that have this
property. OXS is the first beyond-additive class in this hierarchy,
and holds particular importance within microeconomic theory, for
instance [3, 6, 9, 16, 19, 22]. Furthermore, OXS functions have a
rich structure, and can be syntactically defined in various ways: for
instance, as depth 2 trees of ORs of XORs of additive functions [16],
or using bipartite matchings [10], or matrices [20]. We use the defi-
nition via bipartite matchings, which intuitively is as follows. Every
agent is associated with a weighted bipartite graph where all the
goods form one part of vertices. The value of a set of goods is the
value of the maximum weight matching in the graph induced by
this set. It is somewhat surprising that no work, to the best of our
knowledge, has explored the fundamental problem of finding fair
resource allocations, which is a central focus in both economics and
game theory, under OXS valuations. We initiate this study under
the fairness notion of Maximin share (MMS) [7].

The best known algorithmic and non-existence results for the
MMS problem under OXS valuations are due to the results for
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submodular and additive cases, which relate to the OXS class as:
Additive ¢ OXS C Submodular. A PTAS to find a 1/3-MMS allo-
cation for submodular functions [12], and the non-existence of
39/40-MMS allocations for the case with additive valuations [11]
is known. We note that, even when the number of agents is two,
no better than a 1/3-MMS algorithm is known. Given the strong
connection of OXS functions with bipartite matching, and the rich-
ness of the mathematical structure this allows, it is natural to ask
the following questions.

Q: For an efficient computation, can the barrier of 1/3 be broken
for OXS functions?

Q: Can the 39/40 factor non-existence result be improved when
valuations are beyond-additive?

We note that a negative result for OXS would extend to its su-
per classes as well. Similarly, consider the task of computing the
MMS value of any agent. This problem is equivalent to finding a
1-MMS allocation when the agents are identical. But solving this
problem, even approximately up to any constant factor better than
1/3 remains open for valuations that are beyond additive. This is in
sharp contrast to the additive valuations where a PTAS is known
[23], motivating the third question,

Q: Does a PTAS exist for computing the MMS value for OXS valu-
ations? If not, is there an algorithm for a factor better than 1/3?

We analyze all the three questions in this paper, and as a re-
sult provide efficient algorithms, non-existence result, as well as
hardness results, summarised below. As a corollary, we provide
additional guarantees of EF1, PO, and max social welfare for the
special case with agents with identical valuations.

Efficient algorithm. We show the existence of %(1 + #23/3))—

MMS allocation, breaking the barrier of 1/3 for the OXS valuations,
and design a PTAS to compute one. As a corollary, this yields im-
proved factors for small number of agents, e.g., 1/2 with 2 agents,
3/7 with 3 agents, 2/5 with 4 agents and so on. Note that the study
of a-MMS allocations for small number of agents is a well-studied
problem by itself. For instance, under additive valuations, for three
agents [1] showed thata 7/8-MMS allocation always exists. This fac-
tor was later improved to 8/9 in [13]. For four agents, [12] showed
that a 4/5-MMS allocation always exists. [15] gave an algorithm
that, given an instance with constantly many agents, and any € > 0,
computes an (& — €)-MMS allocation, for the highest « € (0, 1] for
which an a-MMS allocation exists for the instance.

To break the barrier of 1/3, we uncover important properties
of OXS functions (w.r.t. the MMS problem). Importantly, we show
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that, every agent can assign one representative value to every good
and as a result there is an ordering of the goods. Using this, we
analyze the round-robin procedure to obtain a factor better than
1/3. The challenge in the analysis is to bound the loss in value
when a good is matched to an agent, as O(n) goods get discarded
due to this matching, due to being connected to the same right
side vertex as the matched good in the OXS graph. These insights,
together with a simple algorithm for beyond-additive valuations,
may be of independent interest to analyze other fairness notions
for OXS and other special classes of submodular functions, like
gross-substitutes.

Non-existence of better than 2/3-MMS. We show a simple ex-
ample with 2 agents and 4 goods where an allocation strictly better
than 2/3-MMS does not exist. This gives an improved non-existence
result for valuations that subsume OXS, namely gross-substitutes,
Rado, and submodular valuations, as the previous best known result
was for the submodular functions [12], with a non-existence of
3/4-MMS allocations.

Computing MMS value. We show that the problem of computing
MMS values of agents with OXS functions is strongly NP-hard,
negating the possibility of a PTAS. To counter the impossibility
result, we show an efficient algorithm to compute the MMS value
of an agent within a factor of 1/2.

EF1+PO and EF1+MSW allocations with identical agents. A key
subroutine of our algorithm with identical agents resolves another
popular fair and efficient notion, namely the EF1+PO allocation. In-
troduced by [7], EF1 allocations are those where every agent values
their bundle more than any other agent’s bundle upon removing
some good from the other bundle. EF1 allocations can be found
efficiently using envy cycle removal procedure introduced by [17].
An allocation is called PO if there is no other allocation where every
agent receives a bundle of equal or higher value, and at least one
agent gets a strictly better bundle. Finding an EF1+PO allocation is
a widely studied problem, with little success. [4] showed a pseudo-
polynomial time algorithm to obtain an EF1+ PO allocation on a
goods manna. A series of works [2, 8, 18, 21, 24] studied special
cases of the problem. [14] and [5] showed the existence and efficient
computation for the case of matroid rank valuations. The existence
of an EF1+PO allocation is open, even with identical agents, in the
beyond-additive valuations setting.

We show such an allocation exists in the OXS valuations setting
with identical agents. In fact, we show the existence of an allocation
that is not only PO but also has the maximum social welfare (MSW),
meaning the sum of values of all the bundles is maximized.

Our work opens several directions for future work. First, apart
from closing the gap of existence and non-existence results for the
problem under OXS functions, a natural direction is to study MMS
approximations for other subclasses of submodular functions, like
weighted matroid rank functions. Second, our result on identical
agents could be improved to show Pareto efficiency as well. Note
that we start with an MSW allocation. One needs to bound or re-
move the loss in welfare while achieving the 1/2-MMS guarantee.
Finally, our analysis with non-identical agents, specifically the no-
tion to obtain a preference relation of the items corresponding to an
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OXS function, using a fairness notion, may be applicable to analyze
other fairness notions for OXS.

REFERENCES

[1] Georgios Amanatidis, Evangelos Markakis, Afshin Nikzad, and Amin Saberi.
Approximation algorithms for computing maximin share allocations. ACM
Transactions on Algorithms (TALG), 13(4):52, 2017.

Haris Aziz, Hervé Moulin, and Fedor Sandomirskiy. A polynomial-time algorithm
for computing a pareto optimal and almost proportional allocation. Operations
Research Letters, 48(5):573-578, 2020.

Maria Florina Balcan, Florin Constantin, Satoru Iwata, and Lei Wang. Learning
valuation functions. In Conference on Learning Theory, pages 4-1. JMLR Workshop
and Conference Proceedings, 2012.

Siddharth Barman, Sanath Kumar Krishnamurthy, and Rohit Vaish. Finding fair
and efficient allocations. In Proceedings of the 2018 ACM Conference on Economics
and Computation, pages 557-574, Ithaca, NY, USA, June 18-22, 2018, 2018. ACM.
Nawal Benabbou, Mithun Chakraborty, Ayumi Igarashi, and Yair Zick. Finding
fair and efficient allocations for matroid rank valuations. ACM Transactions on
Economics and Computation, 9(4):1-41, 2021.

Dave Buchfuhrer, Shaddin Dughmi, Hu Fu, Robert Kleinberg, Elchanan Mos-
sel, Christos Papadimitriou, Michael Schapira, Yaron Singer, and Chris Umans.
Inapproximability for veg-based combinatorial auctions. In Proceedings of the
Twenty-First Annual ACM-SIAM Symposium on Discrete Algorithms, pages 518—
536, 2010.

Eric Budish. The combinatorial assignment problem: Approximate competitive
equilibrium from equal incomes. Journal of Political Economy, 119(6):1061-1103,
2011.

Bhaskar Ray Chaudhury, Jugal Garg, Peter McGlaughlin, and Ruta Mehta. Divid-
ing bads is harder than dividing goods: On the complexity of fair and efficient
division of chores. arXiv preprint arXiv:2008.00285, 2020.

Robert Day and S Raghavan. Assignment preferences and combinatorial auctions.
In University of Connecticut Working paper. Citeseer, 2006.

Shahar Dobzinski, Uriel Feige, and Michal Feldman. Are gross substitutes a
substitute for submodular valuations? In Proceedings of the 22nd ACM Conference
on Economics and Computation, pages 390-408, 2021.

Uriel Feige, Ariel Sapir, and Laliv Tauber. A tight negative example for mms fair
allocations. In International Conference on Web and Internet Economics, pages
355-372. Springer, 2021.

Mohammad Ghodsi, Mohammadtaghi Hajiaghayi, Masoud Seddighin, Saeed
Seddighin, and Hadi Yami. Fair allocation of indivisible goods: Improvements
and generalizations. In Proceedings of the 2018 ACM Conference on Economics and
Computation, EC ’18, 2018.

Laurent Gourvés and Jérdome Monnot. On maximin share allocations in matroids.
Theor. Comput. Sci., 754:50-64, 2019.

Daniel Halpern, Ariel D Procaccia, Alexandros Psomas, and Nisarg Shah. Fair
division with binary valuations: One rule to rule them all. In International
Conference on Web and Internet Economics, pages 370-383. Springer, 2020.
Rucha Kulkarni, Ruta Mehta, and Setareh Taki. Indivisible mixed manna: On the
computability of mms+ po allocations. In Proceedings of the 22nd ACM Conference
on Economics and Computation, pages 683-684, 2021.

Benny Lehmann, Daniel Lehmann, and Noam Nisan. Combinatorial auctions
with decreasing marginal utilities. Games and Economic Behavior, 55(2):270-296,
2006.

Richard J. Lipton, Evangelos Markakis, Elchanan Mossel, and Amin Saberi. On
approximately fair allocations of indivisible goods. In Proceedings 5th ACM
Conference on Electronic Commerce (EC-2004), 2004.

Aniket Murhekar and Jugal Garg. On fair and efficient allocations of indivisible
goods. In Proceedings of the AAAI Conference on Artificial Intelligence, volume 35,
pages 5595-5602, 2021.

Noam Nisan. Bidding and allocation in combinatorial auctions. In Proceedings of
the 2nd ACM Conference on Electronic Commerce, pages 1-12, 2000.

Michael Ostrovsky and Renato Paes Leme. Gross substitutes and endowed
assignment valuations. Theoretical Economics, 10(3):853-865, 2015.

Fedor Sandomirskiy and Erel Segal-Halevi. Fair division with minimal sharing.
arXiv preprint arXiv:1908.01669, 2019.

Yaron Singer. Budget feasible mechanisms. In 2010 IEEE 51st Annual Symposium
on foundations of computer science, pages 765-774. IEEE, 2010.

Gerhard ] Woeginger. A polynomial-time approximation scheme for maximizing
the minimum machine completion time. Operations Research Letters, 20(4):149—
154, 1997.

David Zeng and Alexandros Psomas. Fairness-efficiency tradeoffs in dynamic
fair division. In Association for Computing Machinery, EC *20, page 911-912, New
York, NY, USA, 2020.

[2]

=
2

—
o

[12

[13

[14

[15

[16

(17]

[18

(19]

[20

[21

~
5,

(23]

[24



	Abstract
	References



